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Abstract Tensor-based methods are receiving a growing interest in scientific comput-
ing for the numerical solution of problems defined in high dimensional tensor product
spaces. A family of methods called Proper Generalized Decompositions methods have
been recently introduced for the a priori construction of tensor approximations of the
solution of such problems. In this paper, we give a mathematical analysis of a family
of progressive and updated Proper Generalized Decompositions for a particular class
of problems associated with the minimization of a convex functional over a reflexive
tensor Banach space.
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1 Introduction

Tensor-based methods are receiving a growing interest in scientific computing for the
numerical solution of problems defined in high dimensional tensor product spaces, such
as partial differential equations arising from stochastic calculus (e.g. Fokker-Planck
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equations) or quantum mechanics (e.g. Schrédinger equation), stochastic parametric
partial differential equations in uncertainty quantification with functional approaches,
and many mechanical or physical models involving extra parameters (for parametric
analyses),. . .. For such problems, classical approximation methods based on the a pri-
ori selection of approximation bases suffer from the so called “curse of dimensionality”
associated with the exponential (or factorial) increase in the dimension of approxi-
mation spaces. Tensor-based methods consist in approximating the solution u € V' of
a problem, where V is a tensor space generated by d vector spaces V; (assume e.g.
V; =R™ )ﬁ using separated representations of the form

u%um:ngl)@)...@wgd), ng)EVj (1)
i=1

(@)
K2
but are chosen in an optimal way regarding some properties of u.

where ® represents the Kronecker product. The functions w;”’ are not a priori selected

A first family of numerical methods based on classical constructions of tensor
approximations [2II[I7l[33] have been recently investigated for the solution of high-
dimensional partial differential equations [I8|[3L20,26]. They are based on the system-
atic use of tensor approximations inside classical iterative solvers. Another family of
methods, called Proper Generalized Decomposition (PGD) methods [251[91311[32l[15],
have been introduced for the direct construction of representations of type (). PGD
methods introduce alternative definitions of tensor approximations, not based on nat-
ural best approximation problems, for the approximation to be computable without a
priori information on the solution u. The particular structure of approximation sets
allows the interpretation of PGDs as generalizations of Proper Orthogonal Decompo-
sition (or Singular Value Decomposition, or Karhunen-Loéve Decomposition) for the
a priori construction of a separated representation uy, of the solution. They can also
be interpreted as a priori model reduction techniques in the sense that they provide
a way for the a priori construction of optimal reduced bases for the representation of
the solution. Several definitions of PGDs have been proposed. Basic PGDs are based
on a progressive construction of the sequence u,,, where at each step, an additional
elementary tensor ®g:1w7(,]f ) is added to the previously computed decomposition u,,_1
[241[2,[28]. Progressive definitions of PGDs can thus be considered as Greedy algorithms
[35] for constructing separated representations [6l[I]. A possible improvement of these
progressive decompositions consists in introducing some updating steps in order to
capture an approximation of the optimal decomposition, which would be obtained by
defining the whole set of functions simultaneously (and not progressively). For many
applications, these updating strategies allow recovering good convergence properties of
separated representations [291[32[3T].

In [6], convergence results are given for the progressive Proper Generalized Decom-
position in the case of the high-dimensional Laplacian problem. In [I5], convergence
is proved in the more general setting of linear elliptic variational problems in tensor
Hilbert spaces. The progressive PGD is interpreted as a generalized singular value
decomposition with respect to the metric induced by the operator, which is not neces-

1 More precisely, V is the closure with respect to a norm || - || of the algebraic tensor space
V= a®?:1Vj :span{@?zlv(j) v eVjand1<5<d }



sarily a crossnorm on the tensor product space.

In this paper, we propose a theoretical analysis of progressive and updated Proper
Generalized Decompositions for a class of problems associated with the minimization
of an elliptic and differentiable functional J,

J(u) = min J(v),

where V' is a reflexive tensor Banach space. In this context, progressive PGDs consist
in defining a sequence of approximations u,, € V defined by

Um = Wn—1+2Zm, 2Zm €S1

where S is a tensor subset with suitable properties (e.g. rank-one tensors subset,
Tucker tensors subset, ...), and where z,, is an optimal correction in S; of u,_1,
defined by
J(Um—1 + 2zZm) = min J(upm—1 + 2)
z€S:

Updated progressive PGDs consist in correcting successive approximations by using
the information generated in the previous steps. At step m, after having computed an
optimal correction zmy, € Sy of uy,—1, a linear (or affine) subspace Uy, C V such that
Wp—1 + Zm € Up, is generated from the previously computed information, and the
next approximation u, is defined by

J(um) = vlglljn J(v) < J(upm—1 +2zm)

The outline of the paper is as follows. In section 2] we briefly recall some classical
properties of tensor Banach spaces. In particular, we introduce some assumptions on
the weak topology of the tensor Banach space in order for the (updated) progressive
PGDs to be well defined (properties of subsets S1). In section [3] we introduce a class of
convex minimization problems on Banach spaces in an abstract setting. In section [ we
introduce and analyze the progressive PGD (with or without updates) and we provide
some general convergence results. While working on this paper, the authors became
aware of the work [7], which provides a convergence proof for the purely progressive
PGD when working on tensor Hilbert spaces. The present paper can be seen as an
extension of the results of [7] to the more general framework of tensor Banach spaces
and to a larger family of PGDs, including updating strategies and a general selection
of tensor subsets S1. In section [5] we present some classical examples of applications of
the present results: best approximation in L? tensor spaces (generalizing the multidi-
mensional singular value decomposition to LP spaces), solution of p-Laplacian problem,
and solution of elliptic variational problems (involving inequalities or equalities).

2 Tensor Banach spaces

We first consider the definition of the algebraic tensor space 4 ®§l:1 V; generated from
Banach spaces Vj (1 < j < d) equipped with norms ||-||;. As underlying field we choose



R, but the results hold also for C. The suffix ‘a’ in 4 ®;-l:1 V; refers to the ‘algebraic’
nature. By definition, all elements of

Vi=a@V;

j=1

are finite linear combinations of elementary tensors v = ®;l:1 09 (v(j ) e Vil .

A typical representation format is the Tucker or tensor subspace format

d
_ (4)
- @
el j=1
where I = Iy x ... x Ij is a multi-index set with I; = {1,...,r;}, r; < dim(V}),
bg ) ev; (ij el j) are linearly independent (usually orthonormal) vectors, and a; € R.
Here, i; are the components of i = (i1,...,%4). The data size is determined by the

numbers 7; collected in the tuple r := (71, ...,74). The set of all tensors representable
by @) with fixed r is

®3)

Te(V) = {v cv there are subspaces U; C V; such that }

dim(U;) = rj and v e U= 4 @7, Uj .

To simplify the notations, the set of rank-one tensors (elementary tensors) will be
denoted by

R1(V) = 7—(17.“,1)(V) = {@%le(k) cw®) ¢ Vk}A

By definition, we then have V = spanR;(V). We also introduce the set of rank-m

tensors defined by
m
Rm(V) = {Zzi cz; € Rl(V)} .

i=1
We say that V| is a Banach tensor space if there exists an algebraic tensor space

V and a norm ||| on V such that V| is the completion of V with respect to the
norm |||, i.e.

R —
d

Vi= 1@V =« @, Vi

=1

If VH'll is a Hilbert space, we say that VH'H is a Hilbert tensor space.

2.1 Topological properties of Tensor Banach spaces

Observe that span R1 (V) is dense in V1. Since R1 (V) C Te(V) forallr > (1,1,...,1),
then span7r(V) is also dense in V.

Any norm ||| on o ®?:1 V; satisfying

H@j_l )

is called a crossnorm.

d . .
- szl o, forall ) € V; (1<j<d) (4)




Remark 1 Eq. @) implies the inequality || ®;l:1 v < H;—l:1 (@) ||; which is equiv-
alent to the continuity of the tensor product mapping

d d
& X (VislHlly) — |« @Vi Il 5)
Jj=1 j=1

given by ® ((v(l), .. .,v(d))) = ®§l:1v(j)7 where (X, || - ||) denotes a vector space X

equipped with norm || - ||.

As usual, the dual norm to ||-|| is denoted by ||-||*. If ||-|| is a crossnorm and also

|l-II" is a crossnorm on g ®j:1 Vi, e

H®j_1 o)

|I-]| is called a reasonable crossnorm. Now, we introduce the following norm.

* d . .
=1L 1715 forang? evi a<j<d), (6

Definition 1 Let V; be Banach spaces with norms ||HJ for 1 < j < d. Then for
veV=, ®;l:1 Vj, we define the norm ||-||,, by

)(np(l) ® cp@) R...0 @(d)) (v))
T, e

The following proposition has been proved in [14].

Ivlly = sup 02D evii<i<dy. (7)

Proposition 1 Let V||| be a Banach tensor space with a norm satisfying || -|| 2 ||-[l,
on V. Then the set Te(V) is weakly closed.

2.2 Examples
2.2.1 The Bochner spaces

Our first example, the Bochner spaces, are a generalization of the concept of LP-spaces
to functions whose values lie in a Banach space which is not necessarily the space R or
C.

Let X be a Banach space endowed with a norm || - || x. Let I C R® and p a finite
measure on I (e.g. a probability measure). Let us consider the Bochner space L¥, (I; X),
with 1 < p < oo, defined by

210 = {1 X [ Joo)faute) < oo

and endowed with the norm

fola, = ( | |v<x>|§'{du<x>)l/p

We now introduce the tensor product space V”_”A = X®”_”A Lﬁ([). For1 <p < o0,
p p
the space LI,(I; X) can be identified with Viila, (see Section 7, Chapter 1 in [10]).

Moreover, the following proposition can be proved (see Proposition 7.1 in [10]):



Proposition 2 For1 < p < oo, the norm ||-|| a, satisfies ||-|a, Z |-, on X®a L (I).
By Propositions 2l and [[l we then conclude:

Corollary 1 Forl <p < oo, the set Ty (X Ra Lﬁ ([)) is weakly closed in Lﬁ (I;X). In
particular, for K C R¥, we have that Ty (Lﬁ (K) ®a LY,(1)) and Ry (Lﬁ (K) ®aq LL, (I))

are weakly closed sets in LV®H (K x1I).

2.2.2 The Sobolev spaces

Let 2 =61 x...x 24 C ]Rd7 with 2, C R. Let a € N¢ denote a multi-index and
la| = ZZ:l ag. D%(u) = 03} ...05%(u) denotes a partial derivative of u(z1,...,zq)
of order |a|. For a fixed 1 < p < oo, we introduce the Sobolev space

H™(Q) = {u € LP(2) : D*(u) € L(2),0 < |a] < m}
equipped with the norm
Moo = > 1D oo
0<|al<m

We let Vi, = H™P(£2;), endowed with norms || - ||,5, p; defined by

|me,p7 ZHamk HLP (2k):

Then we have the following equality

d
H™ (@)= . QH™ ()
j=1

A first result is the following.
Proposition 3 Forl <p<oo,m >0 and 2= X ... X {24, the set

d
«QH™(2y) | = {®ﬁ:1w(’“> w®) e Hm’p(f?k)}’

is weakly closed in (H™P(2),| - |lm,p)-

To prove the above proposition we need the following two lemmas.

Lemma 1 Assumel < p < oo and 2 = 21 X...X82;. Then the set Ry (a ®?:1 Lp(Qj))
is weakly closed in LP(£2).

Proof Let {vn}nen, with vy, = ®§l:11}7(1j), be a sequence in R (a ®;l 1 LP (924 )) that
weakly converges to an element v € LP(£2). Then the sequence {vy }nen is bounded in
LP(£2), and also the sequences {U(J)}neN C LP(82;) for each j € {1,2,...,d}. Then, for
each j € {1,2,...,d}, we can extract a subsequence, namely {%(zjz}keNv that weakly
converges to some v\9) € LP (£24). Since weak convergence in LP(f2;) implies the con-
vergence in distributional sense, that is, the subsequence {v&)} keN converges to v
in D'(£2;). From Proposition 6.2.3 of [4], we have that {®J 1vnk }keN converges to

®d 1v( 7 in D' (£2). By uniqueness of the limit, we obtain the desired result. O



Lemma 2 Assume 1 <p < oo, m>1 and 2 =21 X ... X 24. For any measurable
functions wy, : ), — R such that ®z:1wk #+ 0, we have ®z:1wk € H™P(02) if and
only if wy, € H™P(§2;,) for all k € {1...d}.

Proof Suppose that wy, € H™P((2;) for all k € {1...d}. Since

d

@ty willmp =Y T 108 (i) Lo

0<|a|<m k=1

d
> T 108k @i)lLee,)

<
a€e{0,...,m}? k=1
d m ) d
= H Z Ha%k(wk)”LP(Qk) = H Hwka,p;ky
k=1 \j=0 k=1

we have @%_ w;, € H™P(0).
Conversely, if ®z:1wk € H™P(§2), then

d d
| @f=1 willmp = Y D (®f=1wk)llLr(2) < o0
0<|e|<m

which implies that |\Da(®z:1wk)||Lp(Q) < oo for all & such that 0 < |a| < m. Taking
a=(0,...,0), we obtain

d
d
| @1 will o) = [ ol < oo

k=1

and therefore ||wg || r (g, ) < oo for all k. Now, for k € {1...d}, takingar = (..., 0,5,0,...)
such that ay = j, with 1 < j < m, and a; = 0 for [ # k, we obtain

ID* (@ 1wl Lo 0y = 0%, will Lo (020 T il e
14k

and then |‘3%kwk||p,!2k < oo for all j € {1,...,m}. Therefore wy, € H™P(£2;) for all
ke{l...d}. O

Proof of Proposition[3d For m = 0 the proposition follows from Lemma[Il Now, assume
m > 1, and let us consider a sequence

d
{Zntnen CR1 | a ®Hm’p(9j)
j=1

that weakly converges to an element z € H"P((2). Since
d d
Ri|la@HE™(2) | CRi | a@L7(2) |,
j=1 j=1

we have z € Ry (a ®?:1 Lp(Qj)) because, from Lemma [I] the latter set is weakly

closed in LP(£2). Therefore, there exist wy € LP(§2) such that z = ®g:1wk. Since



z € H™P((2), from Lemma Bl w, € H™P(2;) for 1 < k < d, and therefore z =
®g:1wk cER1 (a ®?:1 Hm’p(ﬁj)). O

From [14] it follows the following statement.

d

Proposition 4 The set Tr (a ®j:1 Hm’Q(Qj)) is weakly closed in H™?(12).

3 Optimization of functionals over Banach spaces

Let V be a reflexive Banach space, endowed with a norm || - ||. We denote by V* the
dual space of V and we denote by (-,-) : V* x V — R the duality pairing. We consider
the optimization problem

J(u) = %13 J(v) (m)

where J : V — R is a given functional.

3.1 Some useful results on minimization of functionals over Banach spaces

In the sequel, we will introduce approximations of (@) by considering an optimization
on subsets M C V| i.e.

inf J 8
it J@) (®)
We here recall classical theorems for the existence of a minimizer (see e.g. [13]).

We recall that a sequence vy, € V' is weakly convergent if limum—s oo (p, vm) exists for
all ¢ € V*. We say that (vm),, ey converges weakly to v € V if limm— o0 (@, vm) = (¢, v)
for all ¢ € V*. In this case, we write vmym — v.

Definition 2 A subset M C V is called weakly closed if vy, € M and vy — v implies
v E M.

Note that ‘weakly closed’ is stronger than ‘closed’, i.e., M weakly closed = M
closed.

Definition 3 We say that a map J : V — R is weakly sequentially lower semicon-
tinuous (respectively, weakly sequentially continuous) in M C V if for all v € M and
for all vy, € M such that vy — v, it holds J(v) < liminfym— oo J(vm) (respectively,
J(v) = limm—00 J(vm)).

If J': V — V* exists as Gateaux derivative, we say that .J’ is strongly continuous
when for any sequence v, — v in V it holds that J'(vn) — J'(v) in V*.

Recall that the convergence in norm implies the weak convergence. Thus, J weakly
sequentially (lower semi)continuous in M =- J (lower semi)continuous in M. It can be
shown (see Proposition 41.8 and Corollary 41.9 in [37]) the following result.

Proposition 5 Let V' be a reflexive Banach space and let J : V — R be a functional,
then the following statements hold.



(a) If J is a convezr and lower semicontinuous functional, then J is weakly sequentially
lower semicontinuous.

(b) If J': V — V* exists on V as Gateaur derivative and is strongly continuous (or
compact), then J is weakly sequentially continuous.

Finally, we have the following two useful theorems.

Theorem 1 Assume V is a reflerive Banach space, and assume M C V is bounded
and weakly closed. If J : M — R U {oo} is weakly sequentially lower semicontinuous,
then problem (8) has a solution.

Proof Let a = inf,c 4 J(v) and {vp} C A be a minimizing sequence. Since A is
bounded, {vn}nen is a bounded sequence in a reflexive Banach space and therefore,
there exists a subsequence {vn, }ren that converges weakly to an element u € V.
Since A is weakly closed, u € A and since J is weakly sequentially lower semicontin-
uous, J(u) < liminfg oo J(vn,) = a. Therefore, J(u) = a and w is solution of the
minimization problem. O

We now remove the assumption that M is bounded by adding a coercivity condition
on J.

Theorem 2 Assume V is a reflexive Banach space, and M C V is weakly closed. If
J: M — RU{oo} is weakly sequentially lower semicontinuous and coercive on M, then
problem ) has a solution.

Proof Pick an element vy € M such that J(vg) # oo and define My = {v e M : J(v) <
J(vg)}. Since J is coercive, My is bounded. Since M is weakly closed and J is weakly
sequentially lower semicontinuous, My is weakly closed. The initial problem is then
equivalent to inf, ¢ pz, J(v), which admits a solution from Theorem [l 0O

3.2 Convex optimization in Banach spaces

From now one, we will assume that the functional J satisfies the following assumptions.

(A1) J is Fréchet differentiable, with Fréchet differential J' : V — V*.
(A2) J is elliptic, i.e. there exist & > 0 and s > 1 such that for all v,w € V;

(J'(v) = ' (w),v —w) > alo—wl|* )
In the following, s will be called the ellipticity exponent of J.

Lemma 3 Under assumptions (A1)-(A2), we have

(a) For allv,w €V,
J(©) = J(w) 2 (' (w),v = w) + S o —w*, (10)

(b) J is strictly convez.
(c) J 1is bounded from below and coercive, i.e. Lm0 J(v) = +o0.
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Proof (a) For all v,w €V,

1 1
J(v)—J(w):/O %J(w—&—t(v—w))dt:/o (J (w + t(v — w)),v — w)dt

1

:<Jl(w),v—w>+/0 (J (w+t(v—w)) = J (w),v —w)dt

! 1 «
> (7w =)+ [ Ho =)
= (' (w),v = w) + o - wl*
(b) From (a), we have for v # w,
J) = J(w) > (J'(w),v —w)
(c) Still from (a), we have for all v € V,
(@) 2 J(0) + (' (0),0) + Zlo]* = T©) = |7 Olllo] + < [l

which gives the coercivity and the fact that J is bounded from below.
O

The above properties yield the following classical result.

Theorem 3 Under assumptions (A1)-(A2), the problem @) admits a unique solution
u € V which is equivalently characterized by

(J'(u),v) =0 YveV (11)

Proof We here only give a sketch of proof of this very classical result. J is continuous
and a fortiori lower semicontinuous. Since J is convex and lower semicontinuous, it is
also weakly sequentially lower semicontinuous (Proposition Bla)). The existence of a
solution then follows from Theorem [21 The uniqueness is given by the strict convexity of
J, and the equivalence between (@) and (IIJ) classically follows from the differentiability
of J. O

Lemma 4 Assume that J satisfies (A1)-(A2). If {vm} C V is a sequence such that
J(vm) — J(u), where u is the solution of (@), then vm — u, i.e.
m—o0

lu—vml — 0
m—0o0
Proof By the ellipticity property (I0) of J, we have
/ « s o s
I(om) = J(u) 2 (I (u), vm —u) + —|lu—vm|]” = —flu —vm]. (12)

Therefore,
S = vm]l* < J(om) = T(w) — 0,

which ends the proof. O
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4 Progressive Proper Generalized Decompositions in Tensor Banach
Spaces

4.1 Definition of progressive Proper Generalized Decompositions

We now consider the minimization problem (@) of functional J on a reflexive tensor
Banach space V =V . Assume that we have a functional J : Vi — R satisfying
(A1)-(A2) and a weakly closed subset S1 in V|| such that

(B1) &1 C V, with 0 € S,
(B2) for each v € §; we have Av € §1 for all A € R, and
(B3) spanS; is dense in V.

By using the notation introduced in Section we give the following examples.

Ezample 1 Consider V| = LU(I;X) and S = Tr (X ®a Lﬁ([)).

Ezample 2 Consider V| = H™2(2) and 8; = Tr (a ®j—l:1 Hm’2(!2j)).

Ezample 3 Consider V.| = H™P(£2) and §1 = R4 (a ®‘j:1 Hm’p(()j)) .

The set S; can be used to characterize the solution of problem (@) as shown by the
following result.

Lemma 5 Assume that J satisfies (A1)-(A2) and let u* € V.| satisfying

J(u*) = zrrelfsn1 J(u* +2). (13)

Then u* solves ().
Proof For all v € Ry and z € Sy,
J(u* +~z) > J(u")

and therefore

holds for all z € S;. From (B2), we have
(J'(u*),z) = 0 VzeS,
From (B3), we then obtain
(J/(u*),v> =0 Vve ‘/””7
and the lemma follows from Theorem 3l O
In the following, we denote by Sy, the set
m
Sm = {Zzz Dz € 31}
=1

The next two lemmas will be useful to define a progressive Proper Generalized
Decomposition.
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Lemma 6 For each v € V”‘”, the set
v+Si={v+w:weS}
is weakly closed in Vi

Proof Assume that v+ wjy, — w for some {wn}n21 C 81, then w;, = w — v and since
Sy is weakly closed, w — v € §1. In consequence w € v 4+ &1 and the lemma follows.
O

Lemma 7 (Existence of a Si-minimizer) Assume that J : V||| — R satisfies
(A1)-(A2). Then for any v € Vi the following problem admits a solution:

min J(v+2z)= min_ J(w)

z€ES, weEV+S,
Proof Fréchet differentiability of J implies that J is continuous and since J is convex,
we have that J is weakly sequentially lower semicontinuous by Proposition 5l Moreover,

J is coercive on V|| by Lemma [J(c). By Lemma[6] v + Sy is a weakly closed subset
in V”‘”. Then, the existence of a minimizer follows from Theorem O

Definition 4 (Progressive PGDs) Assume that J : V|| — R satisfies (Al)-
(A2), we define a progressive Proper Generalized Decomposition {um},,>1, over S,
of u = argminyev J(v) as follows. We let ug = 0 and for m > 1, we construct
um € V”_” from u,,_1 € V”_” as we show below. We first find an element z,, € S C 'V
such that
J(m—1 + 2Zm) = min J(upm—1 +2) (*).
z€S,

Then at each step m and before to update m to m + 1, we can choose one of the
following strategies denoted by ¢, and r, respectively:

(¢) Let zm = Zm. Define um = upm—1 + zZm, update m to m + 1 and goto (x).
(1) Let zm = 2m. Construct a closed subspace U(upm—1 + 2zm) in V)| such that
Um—1 + 2Zm € U(up—1 + zZm). Then, define

up, = arg min J(v),
vEU(Upm—1+2m)

update m to m + 1 and go to ().
(r) Construct a closed subspace U(2m) in V| such that 2m € U(2m), and define

Zm = ar min J(wy,_1 + 2).
m ngU(im) ( ml )

Then, define

Wy = U1 + Zm = arg min J(v),
VEU,-1+U(2)

update m to m + 1 and go to ().

Strategies of type (I) and (r) are called updates. Observe that to each progressive
Proper Generalized Decomposition {tm },,>1 of u we can assign a sequence of symbols
(perhaps finite), that we will denote by

Q(u):a1a2ak
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where a, € {¢, 1,7} for all k = 1,2,.... That means that u; was obtained without
update if aj = ¢, or with an update strategy of type [ or r if o, = [l or ¢, = 1
respectively. In particular, the progressive PGD defined in [7] coincides with a PGD
where ap, = ¢ for all &k > 1. Such a decomposition is called a purely progressive PGD,
while a decomposition such that o, = | or aj, = r for some k is called an updated
progressive PGD.

Remark 2 The update ayn = I can be defined with several updates at each iteration.

Letting u§2> = Wy —1 + Zm, we introduce a sequence {ugﬁ) }Zgl CVy defined by

ugﬁJ’_l) =arg min J(v)

v€U(u£,IZ))

with U(ugﬁ)) being a closed linear subspace of Vi which contains ugﬁ). We finally let

dm
um :ugn ).

In [T4] it was introduced the following definition. For a given v in the algebraic
tensor space V, the minimal subspaces Uj min(v) C Vj are given by the intersec-

tion of all subspaces U; C V; satisfying v € o ®?:1 Uj . It can be shown [I4] that

a ®?:1 Uj min(v) is a finite dimensional subspace of V.

Ezample 4 (Illustrations of updates) For a given vy, € V”_” (e.g. Vvin = um—1 + 2Zm if
am =1 or vin = Zm if aun = 71) there are several possible choices for defining a linear
subspace U(vy,). Among others, we have

- UWVm)=a ®?:1 Uj,min(vm) . In the case of am = I, all subspaces U(uy,—1+2zm)
are finite dimensional and we have that u,, € V for all m > 1.

— Assume that vy, = 2211 a;z; for some {z1,...,2m} C Vi@ €R, 1 <i<m,
Then we can define

U(vm) = span {z1,...,Zm}.

In the context of Greedy algorithms for computing best approximations, an up-
date of type o = 7 by using an orthonormal basis of U(vy,) corresponds to an
orthogonal Greedy algorithm.

— Assume v, € V. Fixk € {1,2,...,d}. By using 4 ®?:1 Vi 2 ViQ®a (a ®j;£k Vj) ,

we can write v, = > i, wgk) ® (®j;ﬁk ng)) for some elementary tensors wgk) ®

(®j;ﬁk ng)) for i =1,...,m. Then we can define the linear subspace

U(vm) = Zvlgk) ® ®wl(j) : vZ(k) €V 1<i<m
i=1 j#k

The minimization on U(vy,) corresponds to an update of functions along dimension
k (functions in the Banach space V},). Following the remark [2] several updates could
be defined by choosing a sequence of updated dimensions.
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4.2 On the convergence of the progressive PGDs

Now, we study the convergence of progressive PGDs. Recall that Z,, € S is a solution
of

J(umfl + 2m) = znelgl J(umfl + Z)7
1

For am = ¢, we have zy = Zm and Wm = Uy;—1 + Zm, so that
J(uW) = J(um—l + Zm) = J(um—l + Zm)

For am = [, we have zm = Zm and un, is obtained by an update (or several updates)
of uy,—1 + Zm, so that

J(um) < J(um—l + Zm) = J(um—l + Zm)

Otherwise, for ay, = r, we have wm = up—1 + zm with 2z, obtained by an update of
Zm, such that
J(am) = J(Wm—1+2m) < J(Wm—1 + Zm)

We begin with the following Lemma.

Lemma 8 Assume that J satisfies (A1)-(A2). Then {J(um)}m>1, where {um}m>1
is a progressive Proper Generalized Decomposition, over S1, of

u=arg min J(v
g o0 (v),

1S @ MON Increasing sequence:
J(um) < J(upm—1) for allm > 1.
Moreover, if J(um) = J(Wm—1), Wn—_1 is the solution of (@).
Proof By definition, we have
J(um) < J(um—1+2m) < J(um-1+2Zm) < J(um-1+2) VzeS:

In particular, since 0 € S by assumption (B1), we have J(um) < J(upm—1). If J(um) =
J(uy,—1), we have
J(up—1) = min J(upy,—1 +2)
z€S,

and by Lemma[B] we have that u,,_1 solves @). O

Remark 3 If J(um) = J(um—1) holds for some m > 1, that is u,,—1 is the solution
of (@), then the updated PGD is described by a finite sequence of symbols a(u) =
ajay - oun_1, where a, € {c,l,r} for 1 <k < m — 1. Otherwise, {J(um)}men is a
strictly decreasing sequence of real numbers and a(u) € {c, I, T‘}N.

Definition 5 Let a € {¢,/,7}. Then a®™ € {c,I,7}" denotes the infinite sequence of
symbols cxax---a--- .

From now on, we will distinguish two convergence studies, one with a weak conti-
nuity assumption on functional J, the other one without weak continuity assumption
on J but with an additional Lipschitz continuity assumption on the differential .J'.
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4.2.1 A first approach for weakly sequentially continuous functionals

Here, we introduce the following assumption.

A3) The map J : V)., — R is weakly sequentially continuous.
Il

Theorem 4 Assume that J satisfies (A1)-(A8). Then every progressive Proper Gen-
eralized Decomposition {um }y,>1, over S1, of

u= argvén\i/ﬁ_“ J(v)

converges in V”‘” to u, that is,

lim [[u—unr| =0
— 00

Proof From Lemma [8 {J(wn)} is a non increasing sequence. If there exists m such
that J(um) = J(upm—1), from Lemmal[8 we have u;, = u, which ends the proof. Let us
now suppose that J(um) < J(upm—1) for all m. J(um) is a strictly decreasing sequence
which is bounded below by J(u). Then, there exists

J = lim J(um) > J(u).

m— 00

If J* = J(u), Lemma M allows to conclude that um — u. Therefore, it remains to
prove that J* = J(u). Since J is coercive, the sequence {um }men is bounded in V.
Then, there exists a subsequence {um, }ren that weakly converges to some u* € V.
Since J is weakly sequentially continuous, we have

J* = lim J(um,) = J(u").

k—o0

By definition of the PGD, we have for all z € S,
(W) < Iy 1) < J (i, +2)
Taking the limit with k, and using the weak sequential continuity of J, we obtain
Ju*) < J(u* +2z) Vze S,

and by Lemma [5 we obtain u* = u and a fortiori J(u*) = J(u), that concludes the
proof. O

4.2.2 A second approach for a class of functionals with Lipschitz continuous
derivative on bounded sets

Now, assume that assumption (A3) is replaced by

(A3) J - Vi — Vﬁ‘” is Lipschitz continuous on bounded sets, i.e. for A a bounded
set in V”_”, there exists a constant C'4 > 0 such that

1'(v) = I (W) < Callv—wl (14)

for all v,w € A.

The next three lemmas will give some useful properties of the sequence {zm }m>1.
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Lemma 9 Assume that J satisfies (A1)-(A2) and let {um}y,>1 be a progressive Proper
Generalized Decomposition, over Sy, of

u=arg min J(v).

VEV“,“
Then
(J' (Wn—1+ 2m), 2m) =0,
for allm > 1.
Proof Let zm = AmWm, with Ay, € RT and ||wim || = 1. In the cases aum = ¢ (purely

progressive PGD) and oun = [, we have zmy = Zm € argminges, J(um—1 + z). From
assumption (B2), we obtain

J(um—l + )\mwm) < J(um—l + Awm)

for all A € R. This inequality is also true for aum = r since zm = argmin,cyz,,) J(p—1+
z) and U(Zym,) is a linear space. Taking A = A\ £, with v € R™, we obtain for all
cases

1
0< ; (J(um—l + AW, ’Ywm) - J(um—l + )\mwm)) .

Taking the limit v \, 0, we obtain 0 < +(J' (W;n—1 + AmWm), Wm) and therefore
(7 (1 + A W), Wan) = 0,
which ends the proof. O

Lemma 10 Assume that J satisfies (A1)-(A2). Then the corrections {zZm}m>1 of a
progressive Proper Generalized Decomposition {um}m>1, over S, of

u=arg min J(v),

VEV|
satisfy
00
Z |zm ||° < 0o, for some s > 1, (15)
m=1
and thus,
lim | = 0. (16)

Proof By the ellipticity property (@), we have
@ .
J(um—l) - J(um—l + Zm) > <_Jl(um—1 + Zm)7zm> + EHZmHé

for some s > 1 and a > 0. Using Lemma [0 and J(um) < J(um—1 + 2zm), we then
obtain

(1) = T (um) > =l an

Now, summing on m, and using limm—oco J(um) = J* < 0o, we obtain
o oo o0
- S llzmll® <D (1) = J(um)) = J(0) = J* < +oo.
m=1 m=1

which implies limm—soo ||Zm||° = 0. The continuity of the map x — V5 at 2 = 0

proves (I8). O
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Lemma 11 Assume that J satisfies (A1)-(AS8). Then for every progressive Proper
Generalized Decompositions {um}m>1, over S1, of u = arg minyev, | J(v), there ex-
ists C' > 0 such that form > 1,

/!
(" (um—1),2)| < Cllzm||=];
for allz € S7.
Proof Since J(um) converges and since J is coercive, {um },,>1 is a bounded sequence.
Since ||zm|| — 0 as m — co (Lemma [I0), {zm }m>1 is also a bounded sequence. Let

a > 0 such that sup,, |[um]|| + sup,, |Zzm| < a and let Cpg be the Lipschitz continuity
constant of J’ on the bounded set B = {v € Vi [Ivll < a}. Then

(I W1),2) = (T (Wt +2) = T (W1),2) — (T (W1 +2),2)
< Cplall? — (/' (w1 +2),2)

forallz e A= {z € S; : ||z|]| < sup,, [|zm||}. By convexity of J and since J(uy,—1 +
zZm) < J(um—1 + z) for all z € S, we have

<Jl(um—1 + Z)7Zm - Z> < J(um—l + Zm) - J(um—l + Z) <0
Therefore, for all z € A, we have

—(J (Wn-1),2) < Cpllz|® = (J'(Wn—1 + 2), 2m)
< CBHZH2 - <J/(um_1 +z)— J’(um_1 +2m),2zm) (Lemmald)
< Opllzll* + Cpllz — zm|ll|zm || (Lemma @)

< Cp (Il + lzlllzm | + 12m]?)
Let z = w||zm|| € A, with ||w] = 1. Then
(I (Wm—1), )| < 3Cpllzm| Yw € {w e Sy :|w|| =1}
Taking w = z/||z||, with z € S1, and C = 3Cg > 0 we obtain
(I (um—1),2)| < Cllzm|||lz] vz € Si
0O

Since V| is reflexive, we can identify V% with V) and the duality pairing
Il Il Il

Codvie v, with G v

Vi (i.e. weak and weak-* topologies coincide on VH,H)A

Lemma 12 Assume that J satisfies (A1)-(A3). Then for every progressive Proper
Generalized Decomposition {Um}y,>1, over 81, of u = arg minyev, J(v), the se-
quence {J' (Wm) }men weakly-+ converges to 0 in V\T'H’ that is, limm—o0(J (Um),2z) = 0
for all z in a dense subset of Vi
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Proof The sequence {um }men being bounded, and since J’ is Lipschitz continuous on
bounded sets, we have that there exists a constant C' > 0 such that

7" (am)|| = || (wm) — J' (0)]| < Cllu = um ||

That proves that {J'(um)} C V|T'H is a bounded sequence. Since V|T'H is also re-
flexive, from any subsequence of {J'(um)}men, we can extract a further subsequence
{J'(Wm,,) }ren that weakly-* converges to an element ¢ € VW'H' By using Lemma [I1]
we have for all z € S7,

(I (wms ), 2)| < Cllzm, +1]lllzll-

Taking the limit with k, and using Lemma [I0] we obtain
(p,2) =0 Vze Sy,

By using assumption (B3), we conclude that ¢ = 0. Since from any subsequence of
the initial sequence {J'(um)}men we can extract a further subsequence that weakly-x
converges to the same limit 0, then the whole sequence converges to 0. O

Lemma 13 Assume that J satisfies (A1)-(A3) and consider a progressive Proper Gen-
eralized Decomposition {Um },;,>1, over 81, of u = arg minyev, J(v) such that for
the ellipticity constant s of J and a(u) = a1+ -am---, one of the two following
conditions hold:

(a) s> 1 and there exists a subsequence {oum,, }xen Such that oum, =1 for all k > 1.
(b) 1 < s <2 and there exists k > 1 such that a(u) = e - ap_1a°° where a €

{e.r}.

Then, there exists a subsequence {um,, }ren such that
<J/(u’mk)7 um,,) — 0.

Proof First, assume that condition (a) holds. Recall that if o = I for some m > 1, the
U, is obtained by the minimization of J on the closed subspace U(uy,—1+2zm) C VH'H'
The global minimum is attained and unique, and it is characterized by <J’(um)7 V> =0
for all v € U(uy,—1 + 2zm). Thus, under condition (a), there exists a subsequence such
that (J'(Wm, ), um,) = 0 for all k > 1. Now, we consider that statement (b) holds.
Without loss of generality we may assume that a(u) = a® where a € {¢,r}. In both
cases, Um =y, zj. Thus, we have

(I (), z)|

NE

(I (), um)| <

B
Il

NgER

<C ) lzmsallizell  (By Lemma[IT).

k=1

Let s* > 1 be such that 1/s* + 1/s = 1. By Holder’s inequality, we have

m 1/s
(I (wm), um)| < Cllzmsr[m*/® (Z |zk||8>
k=1

m 1/s
w\ 1/8"
= ¢ (mllzm ) (Zmﬁ) . (18)
k=1
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From Lemmal[I0, we have Y7~ ; ||z ||® < co. Then there exists a subsequence such that
Mg||Zm,+1]]° = 0. For 1 < s < 2, we have s < s*. Since limg_,, ||zx| = 0, we have
lz|l*" < llzll® for k large enough, and therefore we also have mk”zmk+1||s* — 0,
which from (I8) ends the proof of the lemma. O

Theorem 5 Assume that J satisfies (A1)-(A3) and consider a progressive Proper
Generalized Decomposition {Um}m>1, over Si, of u = arg minyev, J(v) such that
the ellipticity constant s of J and a(u) satisfy one of the following conditions:

(a) s> 1 and there exists a subsequence {oum,, }xen such that oum, =1 for all k > 1.
(b) 1 < s <2 and there exists k > 1 such that a(u) = a1 - ap_1a™ where a €
{e.r}.

(c) s >1 and a(u) is finite.
Then {um}m>1, converges in V. to u, that is,

lim |[u—uml| =0.
m—o0
Proof From Lemma[8 {J(um)} is a non increasing sequence. If (c) holds, there exists
m such that J(um) = J(uy,—1) and from Lemma [8] we have u,;, = u, which ends
the proof. Let us now suppose that J(um) < J(um—1) for all m. J(um) is a strictly
decreasing sequence which is bounded below by J(u). Then, there exists
J = lim J(um) > J(u).
m—0o0
If J* = J(u), Lemma [ allows to conclude that {u,,} strongly converges to u. There-
fore, it remains to prove that J* = J(u). By the convexity of J, we have

J(um) = J(u) < (J (um), um —u) = (J'(um), wm) — (J'(um), u)

By Lemmas and [[3] we have that there exists a subsequence {um, }xen such that
(J' (Wmy ), umy, ) — 0 and (J'(um, ), u) — 0, and therefore

J = J) = lim J(um,) — J(u) <0

k— o0 -

Since we already had J* > J(u), this yields J* = J(u), which ends the proof. O

5 Examples
5.1 On the Singular Value Decomposition in L? spaces for p > 2

A Banach space V is said to be smooth if for any linearly independent elements x,y € V,
the function ¢(t) = ||z — ty|| is differentiable. A Banach space is said to be uniformly
smooth if its modulus of smoothness

= s {||x+ry|| Tl -yl _ 1}7 o
z,yeVv 2
llell=llyll=1

satisfies the condition
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In uniformly smooth spaces, and only in such spaces, the norm is uniformly Fréchet
differentiable. It can be shown that the LP-spaces for 1 < p < oo are uniformly smooth
(see Corollary 6.12 in [27]).

Following section Z2.1] we introduce the tensor product of Lebesgue spaces

LIy x I2) = L}, (I1) @4, Lj, (I2) = Ly, (11, L, (I2)),

with p > 2, and g = pu1 ® po a finite product measure. Recall that

IW%=<£MhWWWWWOUp

Let u be a given function in L%, (I; x I2). We introduce the functional J : L, (I; x I2) —
R defined by

1
I = v =l

Let G : Lj;(I1 x I2) — R be the functional given by the p-norm G(v) = [[v||a,. It is
well known (see for example page 170 in [19]) that G is Fréchet differentiable, with

/! -2 1—
G (v) = v VP2 VISP € Li(h x 1),

with ¢ such that 1/¢g+1/p = 1. We denote by C* the set of k-times Fréchet differentiable
functionals from Lﬁ (I1 x I2) to R. Then, if p is an even integer, G € C*°. Otherwise,
when p is not an even integer, the following statements hold (see [5] and 13.13 in [23]):

(a) If p is an integer, G is (p — 1)-times differentiable with Lipschitzian highest Fréchet
derivative.

(b) Otherwise, G is [p]-times Fréchet differentiable with highest derivative being Holde-
rian of order p — [p].

(¢) G has no higher Holder Fréchet differentiability properties.

As a consequence we obtain that G € C? for all p > 2, and the functional J is also
Fréchet differentiable with Fréchet derivative given by J'(v) = G(v —u)P " G’ (v —u),
that is,

(J'(v), w) :/[ , (v—u)|v-ufwdu.

Thus, J satisfies assumption (A1). It is well-known that if a functional F: V. — W,
where V' and W are Banach spaces, is Fréchet differentiable at v € V, then it is also
locally Lipschitz continuous at v € V. Thus, if p > 2, we have that J' € ¢!, and as a
consequence J' satisfies (A3).

Finally, in order to prove the convergence of the (updated) progressive PGD for
each u € L} (I} x I2) over 81 = ﬁTl,TZ)(Lﬁl (I1) ®a Lt (I2)), where (r1,r2) € N2, we
have to verify that (A2) on J is satisfied. Since there exists a constant ap > 0 such
that for all s,t € R,

(IsI"s = [tP2t)(s = 1) > apls — ¢
(see for example (7.1) in [8]), then, for all v,w € L}, (I1 x I2),
(J'(v) = T (w),v = w) > apllv — w]],

which proves the ellipticity property of J, and assumption (A2) holds.
From Theorem [B] we conclude that the (updated) progressive Proper Generalized
Decomposition converges
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— for all p > 2 if conditions (a) or (¢) of Theorem [G hold.
— for p = 2 if condition (b) of Theorem [ holds.

Let us detail the application of the progressive PGD over
81 = Tiryr) (L (1) ®a LY, (12)).

We claim that in dimension d = 2, we can only consider the case r; = ro = r. The
claim follows from the fact that (see [I4]) for each v € L%, (I1) ®q L}, (I2), there exist
two minimal subspaces Uj min(v), j = 1,2, with dim Uy min(v) = dim Up min(v) and
such that v € Uy min(v) ®a U2, min(v). In consequence, for a fixed r € N and for

uc Lﬁ([l X 12) \ Lﬁl (Il) ®a Lﬁz (12)

we let

uj € arg min J(z).
2€T (o (L (11)®a Ly (12))

Then there exist two bases {ugj)7 .. .,ugj)} C Lﬁj (1) of Uj min(v), for j = 1,2, such
that

=YY ol eu?,

k=11=1

and u —wy ¢ L, (1) ®a LL, (I2). Proceeding inductively we can write

mr mnr
Um = Z Zakvl ug) & ul(2).
k=11=1
At step m, an example of update of type ay = r would consist in updating the
coefficients {oy, ; : k,1 € {(m—1)r+1,...,mr}}. An example of update of type cum =1
would consist in updating the whole set of coefficients {0}, ; : k,1 € {1,...,mr}}.

In the case p = 2 and when we take orthonormal bases, it corresponds to the
classical SVD decomposition in the Hilbert space Li (I1 x I2). In this case we have

mnr
um = Z oj ugl) ® u§2).
j=1

where 0; = |(u, ugj) ®u§j)>|, for 1 <j<mr.

In this sense, the progressive PGD can be interpreted as a SVD decomposition of a
function u in a LP-space where p > 2. Let us recall that for p > 2, an update strategy
of type (1) is required for applying Theorem [ (at least for a subsequence of iterates).

The above results can be naturally extended to tensor product of Lebesgue spaces,

a®%_) LY, (Ik)H.HAp with d > 2 and §; = Ry (a ®Z:1 LL, (Ik)) , leading to a gen-

eralization of multidimensional singular value decomposition introduced in [I5] for the
case of Hilbert tensor spaces.
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5.2 Nonlinear Laplacian

We here present an example taken from [8]. We refer to section[2.2.2]for the introduction
to the properties of Sobolev spaces. Let 2 = (21 X ... x £2;. Given some p > 2, we let
Vi = Hol’p(Q)7 which is the closure of CZ°(§2) (functions in C°°(§2) with compact

support in §2) in HYP(£2) with respect to the norm in HP(£2). We equip Hé’p((})
with the norm

d 1/p
vl = (Z ||azk<v>|m>>
k=1

which is equivalent to the norm || - ||1, on H'P(£) introduced in section 22 We
then introduce the functional J : V| — R defined by

J(v) = %anp — (£,v),

with f € Vﬁ‘”. Its Fréchet differential is

where
ov
ox k

d p—2
0 ov
A(v) = — — —
(V) Z 8xk ( axk)
k=1

A is called the p-Laplacian. Assumptions (A1)-(A3) on the functional are satisfied (see
[8]). Assumption (B3) on the set R (a ®;l:1 Hg”’p((}j)) is also satisfied. Indeed, it
can be easily proved from Proposition Bl that the set R (a ®;l:1 Hé’p(ﬁj)) is weakly

closed in (Hé’p(ﬂ)7 Il - l1,p)- Since the norm || - || is equivalent to | - ||1,, on Hé’p(Q)7
it is also weakly closed in (Hé’p((}), I-1D-

Then, from Theorem [ the progressive PGD converges if there exists a subsequence
of updates of type (I).

5.3 Linear elliptic variational problems on Hilbert spaces

Let V| =Vi®a...Qa le\'H be a tensor product of Hilbert spaces. We consider the
following problem

J(u) = \I}él}ré J(v), J(v)= %a(v,v) —4(v)

where K C V), a: V) XV — R is a coercive continuous symmetric bilinear
form,

a(v,v) > a|v|[® W¥veV),
a(v,w) < Bvllw]l vv,w eV,

€: V) = R is a continuous linear form,

Lv) <Allvll YWwevy.
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Case where K is a closed and conver subset of V.. The solution u is equivalently
characterized by the variational inequality

a(u,v—u) >4(v—u) VWeK

In order to apply the results of the present paper, we have to recast the problem as
an optimization problem in V”_”. We introduce a convex and Fréchet differentiable
functional j : V| = R with Fréchet differential j Vi — Vﬁ‘”7 such that j(v) =0
ifve Kandj(v) >0ifv ¢ K. We further assume that 5 is Lipschitz on bounded sets.
We let je(v) = e 1j(v), with e > 0, and introduce the following penalized problem
Je(ue) = min Je(v), Je(v) = J(v) + je(v)
VEV
As ¢ = 0, je tends to the indicator function of set K and ue — u (see e.g. [16]).

Assumptions (A1)-(A2) are verified since Je is Fréchet differentiable with Fréchet dif-
ferential J. : Vi — VT\F'H defined by

(Je(v),2) = a(v,2) — £(z) + (j(v), =),
and Je is elliptic since
(V) = JLW), v = W) = alv — w,v — W) + (jL(v) = (W), v — W) > af[v — w]]

Assumption (A3) comes from the continuity of a and ¢ and from the properties of j'.

Case where K = V. I K = V|, we recover the classical case of linear elliptic
variational problems on Hilbert spaces analyzed in [15]. In this case, the bilinear form
a defines a norm [[v[la = y/a(v,v) on V|, equivalent to the norm |- ||. The functional
J is here equal to

1 1
J(v) = Slu=v]g = 5l
2 2

The progressive PGD can be interpreted as a generalized Eckart-Young decomposition
(generalized singular value decomposition) with respect to this non usual metric, and
defined progressively by

[u = wmlfz = min [[u—wpn-1 -2l
z€ES,

We have
1 1
T(—1) = J(m) = Zllzm = Fom

and

m
2 2 2

=l = ol =32t = 0
where oy, can be interpreted as the dominant singular value of (u — uy,—1) € V-
The PGD method has been successfully applied to this class of problems in different
contexts: separation of spatial coordinates for the solution of Poisson equation in high
dimension [2l[6], separation of physical variables and random parameters for the solution
of parameterized stochastic partial differential equations |28].
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6 Conclusion

In this paper, we have considered the solution of a class of convex optimization problems
in tensor Banach spaces with a family of methods called progressive Proper General-
ized Decomposition (PGD) that consist in constructing a sequence of approximations
by successively correcting approximations with optimal elements in a given subset of
tensors. We have proved the convergence of a large class of PGD algorithms (including
update strategies) under quite general assumptions on the convex functional and on
the subset of tensors considered in the successive approximations. The resulting succes-
sion of approximations has been interpreted as a generalization of a multidimensional
singular value decomposition (SVD). Some possible applications have been considered.

Further theoretical investigations are still necessary for a better understanding of
the different variants of PGD methods and the introduction of more efficient algorithms
for their construction (e.g. alternated direction algorithms, ...). The analysis of algo-
rithms for the solution of successive approximation problems on tensor subsets is still
an open problem. In the case of dimension d = 2, further analyses would be required
in order to better characterize the PGD as a direct extension of SVD when considering
more general norms.
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