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Abstract

The main goal of this paper is to extend the so-called Dirac-Frenkel Variational Principle in the
framework of tensor Banach spaces. To this end we observe that a tensor product of normed spaces can
be described as a union of disjoint connected components. Then we show that each of these connected
components, composed by tensors in Tucker format with a fixed rank, is a Banach manifold modelled in
a particular Banach space, for which we provide local charts. The description of the local charts of these
manifolds is crucial for an algorithmic treatment of high-dimensional partial differential equations and
minimization problems. In order to describe the relationship between these manifolds and the natural
ambient space we prove under natural conditions that each connected component can be immersed in
a particular ambient Banach space. This fact allows us to finally extend the Dirac-Frenkel variational
principle in the framework of topological tensor spaces.
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1 Introduction

Tensor approximation methods play a central role in the numerical solution of high-dimensional problems
arising in a wide range of applications. Low-rank tensor formats based on subspaces are widely used for
complexity reduction in the representation of high-order tensors. The construction of these formats are
usually based on a hierarchy of tensor product subspaces spanned by orthonormal bases, because in most
cases a hierarchical representation fits with the structure of the mathematical model and facilitates its
computational implementation. Two of the most popular formats are the Tucker format and the Hierarchical
Tucker format [I8] (HT for short). It is possible to show that the Tensor Train format [3I] (TT for short),
introduced originally by Vidal [37], is a particular case of the HT format (see e.g. Chapter 12 in [19]). An
important feature of these formats, in the framework of topological tensor spaces, is the existence of a best
approximation in each fixed set of tensors with bounded rank [IT]. In particular, it allows us to construct,
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on a theoretical level, iterative minimisation methods for nonlinear convex problems over reflexive tensor
Banach spaces [12].

This paper is devoted to the use of the geometric structure of the Tucker format to construct reduced order
models of ordinary differential equations defined over tensor Banach spaces. The Dirac-Frenkel variational
principle is a well known tool in the numerical treatment of equations of quantum dynamics. It was originally
proposed by Dirac and Frenkel in 1930 to approximately solve the time-dependent Schrédinger equation. It
assumes the existence of a vector field (ordinary differential equation) over a configuration space represented
by a Hilbert space. This configuration space contains an immersed submanifold and the reduced order
model is then obtained by projecting the vector field at each point of the submanifold onto its tangent space.
Tucker tensors of fixed rank are used in the above framework for the discretisation of differential equations
arising in quantum chemical problems or in the multireference Hartree and Hartree-Fock methods (MR-HF)
in quantum dynamics [27]. In particular, for finite-dimensional ambient tensor spaces, it can be shown
that the set of Tucker tensors of fixed rank forms an immersed finite-dimensional quotient manifold [24]. A
similar approach in a complex Hilbert space setting for Tucker tensors of fixed rank is given in [4]. Then
the numerical treatment of this class of problems follows the general concepts of differential equations on
manifolds [16]. Recently, similar results have been obtained for the TT format [22] and the HT format [35]
(see also [3]). The term ”matrix-product state” (MPS) was introduced in quantum physics (see, e.g., [36]).
The related tensor representation can be found already in [37] without a special naming of the representation.
The method has been reinvented by Oseledets and Tyrtyshnikov (see [30], [31], and [32]) and called ”TT
decomposition”. For matrix product states (MPS), the differential geometry in a finite-dimensional complex
Hilbert space setting is covered in [I7]. Two commonly accepted facts are the following.

(a) Even if it can be shown in finite dimension that the set of Tucker tensors with bounded rank is closed,
the existence of a manifold structure for this set is an open question. Thus the existence of minimisers
over this set can be shown, however, no first order optimality conditions are available from a geometric
point of view.

(b) Even if either in finite dimension or in a Hilbert space setting it can be shown that the set of Tucker
(respectively, in finite dimensions HT) tensors with fixed rank is a quotient manifold, an explicit
parametrisation in order to provide a manifold structure is not known.

In our opinion, these two facts are due to the lack of a common mathematical framework for developing
a mathematical analysis of these abstract objects. The main goal of this paper is to provide this common
framework by means of some of the tools developed in [I1] by some of the authors of this article in order to
extend the Dirac-Frenkel variational method to the framework of tensor Banach spaces.

Our starting point are the following natural questions that arise in the mathematical theory of tensor
spaces. The first question is: It is possible to construct a parametrisation for the set of tensors of fixed rank
in order to show that it is a true manifold even in the infinite-dimensional case? In a second step, if the
answer is positive, we would like to ask: Is the set of tensors of fixed rank an immersed submanifold of the
topological tensor space, as ambient manifold, under consideration? Finally, if the above two questions have
positive answers, we would like to extend the Dirac-Frenkel variational principle on tensor Banach spaces.

The paper is organised as follows.

e In Sect. @ we introduce some important definitions and results that we will use widely along this
paper. In particular we introduce Banach manifolds not modelled in a particular Banach space and we
give as example the Grassmann manifold of a Banach space introduced by A. Douady [9] in 1966. Our
main contribution is to give a Banach manifold structure to the set of subspaces of a normed space
with a fixed finite dimension.

e In Sect. Bl we introduce the set of tensors in Tucker format with fixed rank over a tensor product
space of normed spaces. We prove that if the tensor product space has a norm such that the tensor
product is continuous, with respect to that norm, then the set of tensors in Tucker format with
fixed rank is a C°°-Banach manifold modelled on a particular Banach space. We point out that the
regularity of the manifold depends on the regularity of the tensor product considered as a multilinear



map between normed spaces. Even if a continuous multilinear map between complex Banach spaces
is always analytic, under the authors’ knowledge, for a continuous multilinear map between normed
spaces we can only obtain a C*°—differentiability. An interesting remark is that the geometric structure
is independent of the choice of the norm on the tensor product space. We illustrate this fact by means
of an example using Sobolev spaces. Finally, we show under the above conditions that a tensor space
of normed spaces is a C*°-Banach manifold not modelled on a particular Banach space.

e In Sect. M, we discuss the choice of a norm in the ambient tensor Banach space to prove that the set
of tensors with fixed Tucker rank is an immersed submanifold of that space (considered as Banach
manifold). To this end we assume the existence of a norm over the tensor space not weaker than the
injective norm . The same assumption is used in [II] to prove the existence of a best approximation in
the Tucker case. Then we show that the set of tensors in Tucker format with fixed rank is an immersed
submanifold of the ambient tensor Banach space. This fact is far from trivial. The main difficulty is
to prove that the tangent space is a closed and complemented subspace of the ambient tensor Banach
space under consideration. In a Hilbert space, every closed subspace is complemented, but this fact is
not true in a Banach (non Hilbert) space.

e In Sect. Bl we give a formalisation in this framework of the multi—configuration time—-dependent Hartree
(MCTDH) method (see [27]) in tensor Banach spaces.

2 The Grassmann-Banach manifold and its relatives

In this section we introduce some important definitions and results that we will use (and elsewhere): through-
out this paper.

In the following, X is either a normed space or a Banach space with norm ||-||. We denote by X* the
topological dual of X. The dual norm |[|-|| y. on X* is

el x = sup {lp(z)] : 2 € X with [[z]|y <1} =sup{[p(@)]/|z]lx :0# 2z € X}. (2.1)

We recall that if X is a normed space, then X* is always a Banach space.

By L(X,Y) we denote the space of continuous linear mappings from X into Y. The corresponding operator
norm is written as ||-[|y,_y . If X and Y are normed spaces then (£(X,Y),|| - [ly«<x) is a normed space. It
is well known that if Y is a Banach space then (£L(X,Y), || - |[y—x) is also a Banach space.

Let X4,...,Xq and Y be normed spaces and M : Xizl X, — Y. We will say that M is a multilinear
map if for each fixed a € {1,2,...,d},

To = M(x1,...,Zam1,Ta, Tatl, - Td)
is a linear map from X, to Y for all (1,...,%0-1,%a+1,---,%d) € Xpeq1,2,....ap\{a} Xk Recall that a
multilinear map M from Xizl(XOéa I - lla) equipped with the product topology || - || to a normed space
(Y, |l - ly) is continuous if and only if | M| < oo, with
My, z)ly
= s MEaly = sw 1T Iy,
@1, 2a) @i za) Ll [zl
flefli <1, lzalla<1

A useful result is the following (see Proposition 79 in [20]).

Proposition 2.1 Let Xi,...,X4 and Y be normed spaces and M : XZ:I Xo = Y be a continuous multi-
linear map. Then M is C*°-Fréchet differentiable and D*M (z1,...,24) =0 for all (x1,...,24) € X Z:l X,
and k > d.



Assume that X and Y are Banach spaces and let U C X be an open connected set. Then a map
f:U C X — X is an analytic map in U if and only if for x € U and ¢ € Y*, there exists a neighbourhood
of 0, namely V' (0) C K, where K is either R or C, such that the map

V) cK—=K, t— o(f(x+th))

is analytic. An immediate consequence of this definition is the fact that for |¢| sufficiently small and = € U,

P+ 1) = D anlas ),
n=0 ’

where
n

an(ir, ) = o+ 1)

t=0
The following result characterises an analytic function defined over complex Banach spaces (see Theorem
160 in [20]).

Proposition 2.2 Let X,Y be complex Banach spaces, U C X open, and f : U C X — Y. Then f is analytic
if and only if f is C'-Fréchet differentiable.

Corollary 2.3 Let X1,...,X4 and Y be complex Banach spaces and M : Xi:1 Xo = Y be a continuous
multilinear map. Then M is analytic.

Definition 2.4 Let X be a Banach space and P € L(X,X). We say that P is a projection if and only if
Po P = P holds. In this situation we also say that P is a projection from X onto P(X) :=Im P parallel to
Ker P.

From now on, we will denote P o P = P2. Observe that if P is a projection then idy — P is also a
projection. Moreover, idx — P is parallel to Im P.

Observe that each projection gives rise to a pair of subspaces, namely U = Im P and W = Ker P such
that X = U @ W. It allows us to introduce the following definitions.

Definition 2.5 A subspace U of a Banach space X is said to be complemented in X if there is a projection
Pe L(X,X) from X onto U.

Definition 2.6 Let U be a closed subspace of X. We say that U is a split subspace of X if there exists W,
called (topological) complement of U in X, such that X = U G&W and W is a closed subspace of X. Moreover,
we will say that (U, W) is a pair of complementary subspaces of X.

Corresponding to each pair (U, W) of complementary subspaces, there is a projection P mapping X onto
U along W, defined as follows. Since for each = there exists a unique decomposition x = u + w, where u € U
and w € W, we can define a linear map P(u +w) := u, where Im P = U and Ker P = W. Moreover, P? = P.
In Proposition 28 it will follow that P € £L(X, X).

Definition 2.7 The Grassmann manifold of a Banach space X, denoted by G(X), is the set of split subspaces
of X.

U € G(X) holds if and ouly if U is a closed subspace and there exists a closed subspace W in X such
that X = U @ W. Observe that X and {0} are in G(X). Moreover, by the proof of Proposition 4.2 of [10],
the following result can be shown.

Proposition 2.8 Let X be a Banach space. The following conditions are equivalent:
(a) U € G(X).
(b) U is a closed subspace and there exists P € L(X, X) such that P2 = P and Im P = U.
(c) There erists Q € L(X,X) such that Q* = Q and Ker Q = U.



Moreover, from Theorem 4.5 in [I0], the following result can be shown.
Proposition 2.9 Let X be a Banach space. Then every finite-dimensional subspace U belongs to G(X).

Let W and U be closed subspaces of a Banach space X such that X = U & W. From now on, we will
denote by P, the projection onto U along W. Then we have P, , =idx — P, . Let U, U’ € G(X).

We say that U and U’ have a common complementary subspace in X if X = U® W = U’ @ W for some
W € G(X). The following two results will be useful (for the first one see Lemma 2.1 in [§]).

Lemma 2.10 Let X be a Banach space and assume that W, U, and U’ are in G(X). Then the following
statements are equivalent:

(o) X=UaW=U a&W, ie., U and U have a common complement in X.

(b) P,owlur : U — U has an inverse.

! , then Q is bounded and Q = P. ,

EBW|U’) UGBW|U'

Furthermore, if Q = (PU

We recall that an algebra is unital or unitary if it has an identity element with respect to the multipli-
cation.

Proposition 2.11 Let X be a Banach space and U,W € G(X) be such that X = U @ W and consider the
linear space

E(U,W)(XaX) = {PW OSOP

Upw

S e L(X, X))}

®U

Then the bounded linear map

K(U, W) — E(U,W) (X, X), L— P

WaeuU

oLoP, .,

is an isometry. Moreover, for all L, L’ € Ly w)(X, X) it holds that Lo L' = L'o L = 0. Then Lyw)(X, X)
is a sub-algebra of the unital Banach algebra L(X,X) and

oo Ln
exp(L) = Z = idx + L and exp(—L) = idx — L = (idx + L)™*.
n=0

Proof. Clearly, the map is a linear isomorphism and since

”LHWFU = HPWeBU oLo PUQBWHX(*X}

it is an isometry. For L = P, 0So P, € Low)(X,X)and L' =P, , 05 0P, € Lww) (X, X) we

vepw Uew
have
Lol =P oSoP o P 0S oP

waU vew waU vew — 0,

because P, o P, ., = 0, then the second statement holds and the final statement follows in a straightfor-
ward way. [

Next, we recall the definition of a Banach manifold.

Definition 2.12 Let M be a set. An atlas of class CP (p > 0) or analytic on M is a family of charts with
some indexing set A, namely {(Ma, uq) : a € A}, having the following properties:

AT1 {My}aca is a coverin of M, that is, M, C M for all @« € A and Upca M, = M.

AT2 For each o € A, (M, uq) stands for a bijection uy : My — Uy of M, onto an open set U, of a Banach
space Xq, and for any o and B the set uo(Mq N Mpg) is open in X,.

AT3 Finally, if we let Mo N Mg = Mag and ua(Mag) = Uag, the transition mapping ugouy' : Usg — Uga
is a diffeomorphism of class C? (p > 0) or analytic.

IThe condition of an open covering is not needed, see [25].



Since different atlases can give the same manifold, we say that two atlases are compatible if each chart of
one atlas is compatible with the charts of the other atlas in the sense of AT3. One verifies that the relation
of compatibility between atlases is an equivalence relation.

Definition 2.13 An equivalence class of atlases of class CP on M is said to define a structure of a CP-
Banach manifold on M, and hence we say that M is a Banach manifold. In a similar way, if an equivalence
class of atlases is given by analytic maps, then we say that M is an analytic Banach manifold. If X, is a
Hilbert space for all a € A, then we say that M is a Hilbert manifold.

In condition AT2 we do not require that the Banach spaces are the same for all indices «, or even that
they are isomorphic. If X, is linearly isomorphic to some Banach space X for all a, we have the following
definition.

Definition 2.14 Let M be a set and X be a Banach space. We say that Ml is a CP (respectively, analytic)
Banach manifold modelled on X if there exists an atlas of class CP (respectively, analytic) over M with X,
linearly isomorphic to X for all a € A.

Example 2.15 Fvery Banach space is a Banach manifold modelled on itself (for a Banach space Y, simply
take (Y,idy) as atlas, where idy is the identity map on'Y ). We would point out that the trivial linear space
{0} is also a (trivial) Banach manifold modelled on itself. In particular, the set of all bounded linear maps
L(X,X) of a Banach space X is also a Banach manifold modelled on itself.

If X is a Banach space, then the set of all bounded linear automorphisms of X will be denoted by
GL(X) :={A € L(X, X) : A invertible}.
Before giving the next examples, we introduce the following definition.

Definition 2.16 Let X and Y be two Banach manifolds. Let F : X =Y be a map. We shall say that F is
a C" (respectively, analytic) morphism if given x € X there exists a chart (U, ) at x and a chart (W) at
F(z) such that F(U) C W, and the map

YoFoptipU)— (W)
is a C"-Fréchet differentiable (respectively, analytic) map.

Example 2.17 If X is a Banach space, then GL(X) is a Banach manifold modelled on L(X,X), because
it is an open set in L(X,X). Moreover, the map A — A1 is analytic (see 2.7 in [3]]]).

Example 2.18 If X is a Banach space, then the exponential map exp : L(X,X) — GL(X) defined by
exp(A) =37, Aﬂ—? is an analytic map (see 2.8 in [3])]).

Example 2.19 If X is a Banach space, then GL(X) x GL(X) is a Banach manifold and the multiplication
map m : GL(X) x GL(X) — GL(X) defined by m(A, B) = Ao B is an analytic map (see Theorem 2.42(ii)
m [6])

Example 2.20 Let X be a Banach space and U W € G(X) be such that X = U & W. From Proposition
(211 we know that Lywy(X,X) is a sub-algebra of the Banach Algebra L(X,X). Then from Theorem 3.5
of [6] we have that

GL(AC(Uyw) (X,X)) = {exp(L) : L e ‘C(U,W) (X,X)} C GL(X)

is a closed Lie subgroup with associated Lie algebra Ly,wy (X, X) and it is also an analytic Banach manifold
modelled into itself. Since exp(L) = idx + L then exp(L) is a linear isomorphism between the linear subspace
U and exp(L)(U) = {(idx + L)(u) : uw € U}. We remark that for all x € X we have

exp(L)(z) = exp(L)(u +w) = exp(L)(u) +w, (z=u+w,ue€U andw € W),

because L(w) = 0, hence exp(L)|w = idw and exp(L)|v = idy+L. Moreover, the maps exp : Ly,w)(X, X) —
GL(Lw,w)(X, X)), m : GL(Lw,w)(X, X)) xGL(Ly,w) (X, X)) = GL(Lw,w)(X, X)) and the map exp(L) —
exp(—L) are analytic.



The next example is a Banach manifold not modelled on a particular Banach space.

Example 2.21 (Grassmann—Banach manifold) Let X be a Banach space. Then, following [9] (see also
[34] and [28]), it is possible to construct an atlas for G(X). To do this, let us denote one of the complements
of UeG(X) byW, ie., X =U@®W. Then we define the Banach Grassmannian of U relative to W by

GW,X)={VeGX): X=VaeW}.
By using Lemma 210 it is possible to introduce a bijection
\PU@W : G(VV, X) — E(U, W)

defined by
Vyew (U') = Pwevlv © Puew|v = Pwevulvr © (Pugw|u) ™"
It can be shown that the inverse
Voo : LUW) — G(W, X)
s given by
\I/(;éaW(L) =G(L) = {(idx + L)(u) :u e U}.

From Proposition 211 we can identify L(U, W) with Lw)(X, X). Hence can write
(idx + L) = exp(L),

which following Ezample can be proved to be a linear isomorphism from U to G(L). Observe that
G0)=U and G(L)®W = X for all L € L(U,W). Finally, to prove that this manifold is analytic we need

to describe the overlap maps. To explain the behaviour of one overlap map, assume that X = UdW = U'&W’
and the existence of U" € G(IW, X)NG(W', X). Let L € L(U,W) and L' € L(U',W’') be such that

\PEéBW(L) = G(L) =U" = G(L/) = \pz?'l@vv/ (L/)-
Then it follows that
X=UaW=UadW =GL)eaW=G(L)asW'.
Finally, it can be shown that the map (Vyrgw: o \I/(;éaw) LUW) = LU, W) given by

(orgw: o Uygw) (L) = Yygw (exp(L)(U)) = L'

is analytic. Then we have that the collection {G(W, X), Vuaw tuec(x) i an analytic atlas, and therefore,
G(X) is an analytic Banach manifold. In particular, for each U € G(X) the set G(W,X) is a Banach
manifold modelled on L(U,W). Observe that if U and U’ are finite-dimensional subspaces of X such that
dimU # dimU’ and X =U oW =U" @ W', then L(U, W) is not linearly isomorphic to L(U',W').

Example 2.22 Let X be a Banach space. From Proposition [2.9, every finite-dimensional subspace belongs
to G(X). It allows to introduce G,(X), the space of all n-dimensional subspaces of X (n > 0). It can be
shown (see [28]) that G,(X) is a connected component of G(X), and hence it is also a Banach manifold
modelled on L(U, W), here U € G,(X) and X =U & W. Moreover,

G<r(X) = | Gu(X)
n<r
is also a Banach manifold for each fized r < co.
The next example introduces the Banach-Grassmannian manifold for a normed (non-Banach) space.

To the authors knowledge there is no reference in the literature about this (non-trivial) Banach manifold
structure. We need the following lemma.

Lemma 2.23 Assume that (X, || - ||) is a normed space and let X be the Banach space obtained as the
completion of X. Let U € Gn(X) be such that U C X and X = U & W for some W € G(X). Then every
subspace U’ € G(W, X) is a subspace of X, that is, U' C X.



Proof. First of all observe that X = U @ (W N X) where W N X is a linear subspace dense in W =
W N X. Assume that the lemma is not true. Then there exists U’ € G(W, X) such that U’ @ W = X and
U'NX #U'. Clearly U' N X # {0}, otherwise W N X = X and hence U = {0}, a contradiction. We have
X = (U'NnX)® (W NX), which implies X = (U'NX) @ W, that is, U'N X € G(W, X), a contradiction with
dim(U’' N X) < dim U’ = n. Thus the lemma follows. |

Example 2.24 Assume that (X, || - ||) is a normed space and let X be the Banach space obtained as the
completion of X. We define the set G, (X) as follows. We say that U € G, (X) if and only if U € G, (X)
and U C X. Then G,(X) is also a Banach manifold. To see this observe that, by Lemma [Z23, for each
U € G,(X) such that X = U ® W for some W € G(X), we have G(W,X) C G,(X). Then the collection
{Yygw, G(W, Y)}Uegn(x) is an analytic atlas on G,(X), and therefore, G, (X) is an analytic Banach
manifold modelled on L(U,W), here U € G,,(X) and X = U © W. Moreover, as in Example [Z22, we can
define a Banach manifold G<,(X) for each fixed r < co.

Let M be a Banach manifold of class C? (p > 1) or analytic. Let m be a point of M. We consider triples
(U, ¢,v) where (U, ) is a chart at m and v is an element of the vector space in which ¢(U) lies. We say
that two of such triples (U, ¢,v) and (V,,w) are equivalent if the derivative of 1 o p~1 at ¢(m) maps v
on w. Thanks to the chain rule it is an equivalence relation. An equivalence class of such triples is called a
tangent vector of M at m.

Definition 2.25 The set of such tangent vectors is called the tangent space of M at m and it is denoted by
T, (M).

Each chart (U, ¢) determines a bijection of T,,(M) on a Banach space, namely the equivalence class
of (U, p,v) corresponds to the vector v. By means of such a bijection it is possible to equip T,,(M) with
the structure of a topological vector space given by the chart, and it is immediate that this structure is
independent of the selected chart.

Example 2.26 If X is a Banach space, then T,(X) =X for all z € X.
Example 2.27 Let X be a Banach space and take A € GL(X). Then TAo(GL(X)) = L(X, X).
Example 2.28 For U € G(X) such that X =U @ W for some W € G(X), we have Ty (G(X)) = L(U, W).

Example 2.29 For a Hilbert space X with associated inner product (-,-) and norm || - ||, its unit sphere
denoted by
Sx :=={rx e X :|z|| =1}

is a Hilbert manifold of co-dimension one. Moreover, for each x € Sx, its tangent space is

T.(Sx) = span{z}* = {2/ € X : (z,2/) = 0}.

3 The manifold of tensors in Tucker format with fixed rank

The MCTDH method is based on the construction of approximations of the wave function which, at every
time ¢, lie in the algebraic tensor space o @°_, Vi, where V,, = L2(R?) for a = 1,2, ..., d (see [27]). Clearly,
this set is a linear space. However it is not clear whether or not it is a (Hilbert/Banach) manifold, because
it is a dense subspace of the Hilbert tensor space L?(R3?). In this section, we will show that every algebraic
tensor product of normed spaces can be seen as a Banach-Grassmann-like manifold.

3.1 Tensor Spaces and the tensor product map

All along this paper we consider a finite index set D := {1,2,...,d} of ‘spatial directions’, with d > 2.

Concerning the definition of the algebraic tensor space o @, Vo generated from vector spaces V, (o € D),



we refer to Greub [14]. As underlying field we choose R, but the results hold also for C. The suffix ‘a’ in
a ®ae p Vo refers to the ‘algebraic’ nature. By definition, all elements of

Vo =0 X) Va
aceD

are finite linear combinations of elementary tensors v = &), cp Vo (va € Vo). In the sequel, the index sets
D\{a} will appear. Here, we use the abbreviations

Vi == a ® Vs, where ® means ®

B#a B#a BeD\{a}

Similarly, elementary tensors X) Bota UB ATE denoted by v[,). We notice that there exists a linear isomorphism
D, : Vp — Vo oa® V[ for each @ € D, and in order to simplify notation we will identify along the text
a tensor v € Vp with ®,(v) € Vi «® V|4 This allows us to write v € Vp as well as v € Vo, o® Vo for
«a € D. Moreover, by the universal property of the tensor product, there exists a unique multilinear map,

also denoted by &)
@ X Vo — u QQVa

aeD a€D
defined by @ ((v1,...,v4)) = @4ep Vo and such that for each multilinear map M : X ,ep Vo — Z, where

Z is a given vector space, there exists a unique map M Vp — Z such that M = Mo &) . The following
notations, definitions and results will be useful.

Let (Va, | - lla) be normed spaces for @ € D and assume that || - || is a norm on the tensor space
Vb = a®ucp Vo - Then consider the tensor product map

®: (>< va,n-nX) — (@il 3.1)

acD aeD

where the product space X ,cp Vo is equipped with the product topology induced by the maximum norm
[[(v1,y...,v4)||x = maxaep ||Valla- Next, we discuss the conditions for having the Fréchet differentiability of
the tensor product map ([Bl). The next result is a consequence of Proposition 211

Proposition 3.1 Let (V,, || - ||la) be normed spaces for o € D. Assume that || - || is a norm on the tensor
space Vp = o Q@qcp Vo such that the tensor product map (31)) is continuous. Then it is also C>°-Fréchet
differentiable and its differential is given by

D(®(’U1,...,’Ud)) (wy,...,wq) = Zv1®...®va_1®wa®va+1®---vd.

aeD

Now, we recall the definition of some topological tensor spaces and we will give some examples.

Definition 3.2 We say that Vp, is a Banach tensor space if there exists an algebraic tensor space Vp

and a norm ||| on Vp such that Vp,  is the completion of Vp with respect to the norm |||, i.e.
—— I
Vo =1 ® Vo = a®a€D Va .
aeD

If Vp, , is a Hilbert space, we say that Vp,  is a Hilbert tensor space.
Next, we give some examples of Banach and Hilbert tensor spaces.

Example 3.3 For I, CR (o € D) and 1 < p < oo, the Sobolev space HYN'P(1,) consists of all univariate
functions f in LP(Io) with bounded norntl

N 1/p
T (Z / Ic’?"flpdw) |
n=0 o

2Tt suffices to have in ([3:2) the terms n = 0 and n = N. The derivatives are to be understood as weak derivatives.




whereas the space H™P(I) of d-variate functions on I =1I; x Iy x ... x I; C R? consists of all functions f
in LP(I) with bounded norm

1l = / o1 ax)

0<\n\<N

with n € N§ being a multi-index of length |n| := > ., na. For p > 1 it is well known that HY?(1,) and
HNP(I) are reflexive and separable Banach spaces. Moreover, for p = 2, the Sobolev spaces HN(I,) 1=
HN2(1,) and HN (1) := HN2(1) are Hilbert spaces. As a first example,

HN’p(I) = ||.||N’1L7 ® HN’p(I )
aeD
is a Banach tensor space. FExamples of Hilbert tensor spaces are
I) = H'”O,Z ® L2(Ia) and H = H ”N2 ® H fOT N S N
aeD aeD

The next result is a consequence of Corollary 2.2

Proposition 3.4 Let (Vu,| - ||la) be complex Banach spaces for o € D. Assume that || - || is a norm on
the complex tensor space Vp = 4 Q,cp Va such that the tensor product map (31) is continuous. Let
1:Vp = | Quep Va be the standard inclusion map, i.e. i(v) = v. Then

(1e®) : X Vel <||||®va,|||)

aeD a€eD
s an analytic map between complex Banach spaces.

For vector spaces V,, and W, over R, let linear mappings A, : Vo, = W, (a € D) be given. Then the
definition of the elementary tensor

A=QRA0: Vp=0@Va —Wp=0 @ Wa
aeD aeD a€D

is given by

A (@ ’Ua> = ® (Aqva) - (3.3)

aeD aeD

Note that ([B3) uniquely defines the linear mapping A : Vp — Wp. We recall that L(V, W) is the space
of linear maps from V into W, while V' = L(V,R) is the algebraic dual of V. For metric spaces, L(V, W)
denotes the continuous linear maps, while V* = £(V,R) is the topological dual of V.

Proposition 3.5 Let (Va, | - ||lo) be normed spaces for oo € D and assume that || - || is a norm on the tensor
space Vp = o Qe p Vo such that the tensor product map (31) is continuous. Let U, be a finite-dimensional
subspace of V,, for o € D. Then

o @) LUa, Va) ( Q) U ,VD> (3.4)

aeD aeD

and the tensor product map

Q) : X LU, Va) ﬁﬁ( ®UQ,VD>, (Aa)aecp = A= (X) Aa, (3.5)

aeD aeD aeD

is continuous and hence C*°-Fréchet differentiable.

10



Proof. Recall that L(U, X) = L(U, X) holds for every finite-dimensional subspace U of a normed space X.
Then [B.4) follows from Proposition 3.49 of [19]. To prove the second statement we need to show that the
tensor product map (B.5]) is bounded, that is,

IR = sup{” (09 Aallvp o ®,.pUa t lAallvacv, <Tfor 1<a< d} < . (3.6)
a€eD

For A = @,cp Aa;

IA(®aepta)ll = [ ®acp Aa(ua)ll < C T l4a(ua)lla < C [T 1Mallvicv. lualla
aeD aeD

holds by the continuity of the tensor product map (BI]). Therefore,

[AlVo o ®,cpUa = SUP {IA(u)II i€ Q) U ul| < 1} < [T 14allvaeu.,
aeD aeD

for some constant C’ depending on the dimension of the spaces U,, o € D, and B8) follows. From
Proposition 2] the second statement holds. ]

3.2 The set of tensors in Tucker format with fixed rank

Before introducing the manifold of tensors in Tucker format with fixed rank in a Banach space framework,
we need to define the minimal subspace of a tensor in an algebraic tensor space. The following statement
summarises the results given in Section 2.2 in [I1].

Proposition 3.6 Given a finite index set D = {1,2,...,d}, let Vi, be a vector space for each o € D and let
vV € aQuep Va - Then for each a € D there exists a unique subspace U™ (v) with dim UP™(v) = rq for
some 1o < 00, and such that the following statements hold.

(a) IfV € q ®aED U, then U&nin(v) cU, (a c D)’ while v € ®aeD U;nin(v> )

(b) For each o € D there exists a unique subspace UE{?O‘}(V) C Vg such that v € U™ (v) @, UBH L (v)

: D\{a}
and dim Up\y,, (V) = ra.

For a tensor v € Vp = ¢ @, cp Vo the linear subspaces UMin(v) (a € D) are called minimal subspaces
and r, = dim U™ (v) is called the a-rank of v.

Let Z be the set of non-negative integers. We will say that v = (r1,...,74) € Zi is an admissible rank
for Vp := 4 @,cp Vo if and only if there exists v € Vp such that r, = dim Umin(y) for a € D. We will
denote the set of all admissible ranks of a tensor space Vp by AD(Vp), and hence

AD(Vp) = {(dim UM (V))aep € Z% : vE Vp}.

It is not difficult to see that 0 = (0,...,0) € AD(Vp)and1 = (1,...,1) € AD(Vp) if and only if dim V,, > 1
for all « € D.

Now, we define in an algebraic tensor space Vp = , & V. the set of tensors in Tucker format with

fized rank v = (r1,...,rq) € AD(Vp) by

aeD

M(Vp) :=={v e Vp:dimUM(v) =r,, a € D}.

Then
Vo= |J MM(VDp).
€ AD(Vp)
Before introducing the representation of a tensor with a fixed rank t we need to define the set of coefficients
of that tensors. To this end, we recall the definition of the ‘matricisation’ (or ‘unfolding’) of a tensor in a
finite-dimensional setting.
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Definition 3.7 For a finite index set D = {1,2,...,d}, d > 2, and each p € D the map M, is defined as
the isomorphism
M, : RXseors - R (Msepvon ),
Clig)sen = Ciyis)sepn i
It allows us to introduce the following definition.

Definition 3.8 For a finite index set D = {1,2,...,d}, d > 2, let C'P) ¢ RXuep™u. We say that CP) €

RF PTGt and only if rank M, (CP)) = 1, where M, (CP)) € RT“X(HBED\W}TB), for each p € D.

Remark 3.9 We have that C®) € R“®™ if and only if M (CPNM,,(CPNT € GL(R"™) for p € D.

pneD T

Since the determinant is a continuous function, R, 18 an open set in RXuep ™ gnd hence a finite-

dimensional manifold. We point out that if r, = 1 for all 4 € D then R*X”ED " =R, = R\ {0}, which
coincides with the Lie group GL(R).

In the next lemma we give a characterisation of the representation of tensors in 9M.(Vp).

Lemma 3.10 Let Vp = 4 Q,cp Va be an algebraic tensor space. Then the following statements are
equivalent.

(a) v €M (Vp).

(b) For each oo € D there exists a set B, = {uz(j) i1 <ig < 1o} of linearly independent vectors and a
unique CP) € R*X“ED "« once By is fized (o € D), such that

V= Z C((iDa))aeD ® uz(co:) (37)

1<ia <ra aeD
aeD

(c) For each o € D there exist linearly independent vectors {uz(j) 11 <o <1y} inV, and

linearly independent vectors {UZ(-:) 11 <y <ra} in Vig) = a ®BED\{a} Vi such that

v= Y " eul®. (3.8)
1<ia <ra
Furthermore, if (3.7) holds, then
(o) _ (D) (8)
U= Y G s o Q) u’ (3.9)
lgigg’l‘g BeED
BeD\{a}

for1 <i, <ry and a € D.

Proof. First, we prove that (a) and (c) are equivalent. If (a) holds, then from Proposition B.6(b) we know
that _ _
v € U™ (V) ®@a Upiiay (V)

where dim U™ (v) = dim Ug{?a} (v) = rq for each a € D. Then there exists linearly independent vectors
{ugj) 11 <y <ra}in V, and linearly independent vectors {UEZ‘) 11 <iq <7} in Vig =4 ®ﬂeD\{a} Vs
such that (3.8) holds and hence (c) is true. Conversely, if (c) holds then clearly dim U™"(v) = r, for each
a € D, and hence (a) is also true.

Now, we prove that (b) and (c¢) are equivalent. Clearly (b) implies (c). To prove that (c) implies (b)
assume that (c) holds. By the definition of minimal subspace we have that

UMin(v) = span {ugj) 1 <iq <74}

12



for each o € D. Since v € @ cp UM (v) there exists C(P) € RXaen e such that (377) holds. To

conclude the proof we only need to show that C(P) ¢ R*X"EDT“. To this end observe that (39) must
hold for 1 < i, < rq and each a € D, and hence rank MQ(C(D)) = r, for each a € D. In consequence,

0D g R =P ™ and (b) is true. |

Remark 3.11 From the proof of Lemma [310 we have that U™ (v) = span {ugj) i1 <y < 1o} and
Umin | (v) = span {UZ(-:) 11 <ig <714} for each a € D. Furthermore, for

D\{a}
D a
V= Z C((ia))aED ® uz('a) € mt(vD>a

1<ia <ra aeD
aeD

there exists a natural diffeomorphism

min X Ta D «
o (@) | sRE S HE @l B

a€eD 1<in<rq a€eD
a€eD

Thus we will identify each u € My (o Qpep U™ (v)) with an element ED) ¢ R*X“ED " once a basis

{uz(j) 11 <ig <71o} of UMN(v) is fized for each o € D, by means of the equality

u=u(EP) = Z E([Za)aeD ® ugj)

1<ia<ra aeD
aeD

3.3 The manifold of tensors in Tucker format with fixed rank

Assume that (Va, [|-[|o) is a normed space and denote by V4, the Banach space obtained by the completion
of V,, for each a € D. Moreover, we also assume that || - | p is a norm on the tensor space Vp = 4 @ cp Ve

such that the tensor product map (B is continuous and hence, by Proposition B] it is also C°°-Fréchet
differentiable.

Now, we proceed to provide a geometric structure for the set 9.(Vp). By Proposition and Exam-
ple 2241 we have that for each v € Vp the set UR%(v) € G, (V,) for some 7, < 0o and « € D. Since
Vp = U.e AD(VD) M. (Vp), thanks to Proposition we can define a surjective map from a tensor space
to an analytic Banach manifold:

oV — | <>< G,, <va>> L v (UF)aep-
(r1,...,rq)EAD(Vp) \a€D
It allows us to consider for a fixed v € AD(Vp), t # 0, the restricted map
Oc = 9|DJT:(VD) 1M (Vp) = Q_l ( X Gm(va)> — X Gr,(Va), v (U;nin(v))aeDa
aeD aeD

which is also surjective. For each a € D the linear subspace UM (v) C V,, C V.., belongs to the Banach

manifold G, (V,) and hence there exists a closed subspace W2"(v) such that Vi, = US™(v) @ Wi (v)
and a bijection (local chart)

U GWER(v), Vo, ) — LU (v), W (v))

given by
\I/E,a)(Ua) =L, = PW;nin(V)®U&nin(v)|Ua o (PU(l;nin(V)@W&nin(v)|Ua)_1
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Moreover, Uy = (U1 (Ly) = G(Lq) = span{(ida + La)(us) : uq € U™M(v)}. Clearly, the map

Ty X GWE™(v), Vo) = X LU (v), W™ (v)),
aeD aeD

defined as Wy := X ,ep \IIE,O‘) is also bijective. Furthermore, it is a local chart for an element g.(v) in the
product manifold X ,cp G, (Vi) such that ¥y (g.(v)) =0 := (0)kepn.

Now, for each v € MM (Vp) introduce the set

aeD

UWv) = o " ( X G(WDMin(v), Va)> ={w e M(Vp) : U™ (w) € G(WI™(v),Va), a € D}.

Recall that from Proposition LT we can identify the linear space £(UM®(v), W2 (v)) with a sub-algebra
of LVay..+Vay.,.) for a € D. Then, from Example 220, the map

X LU (v), W (v)) = X LUF™(v), Va)

aeD aeD

between normed spaces given by

£= (La)aeD — ((ida + La)

U&nin(v)>a€D = (eXp(La) |U§“i"(V))O‘ED

is clearly C°°-Fréchet differentiable. Finally, from Proposition 3.5 the map

X LUZ™(v), W (v)) = L (a & U (v) ,VD>

aeD aeD

given by
£=(La)aep = ® eXP(La>|U{;“"(v)

a€eD
is also C*°-Fréchet differentiable.

Our next step is to characterise the representation of tensors that belong to U (v) by using the following
lemma.

Lemma 3.12 Assume that (V| - ||o) is a normed space for each o € D and that || - ||p is a norm on the
tensor space Vp = o Qncp Va such that the tensor product map (31) is continuous. For v .€ M (Vp) the
following statements are equivalent.

(a) welU(v).
(b) There exists a unique
(L. u(BP)) = ((La)aen, u(EP))) € X LUFM(v), W™ (v)) x Me (a & U;‘““(v)>
aeD aeD
such that

w = (@ exp(La>> (w(EP)).

aeD
Proof. Assume that w € U(v). Then we have the following facts:

(i) From Lemma BI0(b) there exist bases B, = {uz(:) 01 < iq < 7o}, @ € D, and a unique CP) ¢

R.C*€P" once the bases are fixed, such that v = Y oi<in<ra C((iD; o Quep u{®) € M (v). From
a€D a)a &

Remark 31T we know that B, is a basis of UM (v) for a € D. Now, we will consider that the bases
B., @ € D, are fixed.
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(i) Since UF™(w) € G(WE™(v), V., ), for a € D, there exists a unique

£= (La)aeD S >< E(U;nin(v>a War‘nin(v))
aeD

such that Wy (o, (w)) = £, that is, UM (w) = G(Ly) = span {(id, + La)(ugj)) 01 <ig <71y} for all
a € D. Then .
(U™ (W))aep = ¥ (L)

and we can construct from B,, a basis of U™ (w). In particular we have Wy (0:(v)) = (0)aep-

(iii) Now by Lemma BI0(b), since a basis of U™ (w) = G(Lq) = span {(ida + La)(u{™) : 1 <o < 74}
for a € D is fixed, there exists a unique E(P) € Rt such that

w= > B, Qida+ La)(u) = Q) lide + La) (u(EP))), (3.10)

1<iq<rq aeD aeD
aeD
where

D « min X aeD Ta
W)= 5 E L @ e (@i ) <re

1<iq<rq aeD aeD

aeD
It follows (b). From what was said above, (b) clearly implies (a). |

Remark 3.13 We can interpret Lemma 312 as follows. w € U(v) holds if and only if

e (g @15

for some £ = (Lo)aecp € X gep LIUDN(v), WRiN(v)). In consequence, each neighbourhood of v in 9M.(Vp)
can be written as

Uv) = U (@ exp(La)> (zmt <a ® U;“i“(v)>> : (3.11)

£eX qep LIUMIN(v),Wmin(v)) aeD a€D

aeD Ta)

that s, a union of manifolds (each of them diffeomeorphic to Rf indexed by a Banach manifold.

Now, also by using Lemma B.I2 we construct an explicit manifold structure for 9.(Vp). Indeed,
Lemma (.12 allows us to define for each v € MM, (v), once a basis of UM (v) for each a € D is fixed, a
bijective map

&v 1 U(V) — < X £(U§i“(v),W§in(v))> « R Te

acD

& ((@ exp(La>> <u<c<D>>>> = (£,0),

aeD

where £ := (Ly)aep. Clearly, & is a bijective map and hence U(v) can be identified with the Banach
manifold

X GV (v), Vo) | x R0,
acD
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which is modelled on the Banach space

acD

<>< K(Ué“i“(V)aWé“i“(V))> x R¥ae e,

The next lemma allows us to prove that {(U(v),&v)}vem,(vp) is a local chart system for the set of
tensors in Tucker format with fixed rank v.

Lemma 3.14 Assume that (V| - ||o) is a normed space for each o € D and that || - ||p is a norm on the
tensor space Vp = o @ qcp Va such that the tensor product map (31) is continuous. Let v,v' € M.(Vp)
be such that U(v) NU(V') # 0. Then the bijective map

& o &t & UV NUWN)) = & UV) NUN))
is C*°-Fréchet differentiable.
Proof. Let w € U(v) NU(V') be such that & (w) = (£, u(CP)) and &/ (w) = (£, 0/ (EWP)), that is,
(& 0 &)L, u(C ) = (&, u'(EP))).
Since w € U(v) NU(V') then

oc(W) = (U™ (W))aep € (X G(WS‘“‘(V),Va)> n (X G(Wi‘in(V’),Va)>

agD a€D
and
(Tyr 0 UL (WY (U™ (W))aep)) = Uvr (Ug™(W))aen),
that is,
(Uy oW (L) =&
Hence

Ev (W) = (v 0 UT)(L), ' (BP))),

where W,/ o U1 is an analytic map. On the other hand, since

Wfﬁ@vcw))(@emwa)) (u(CP) = &,1(&/, BD) = <®exp L’) (W' (EP))),

a€eD aeD
we have
' (EP)) = <®exp ') oexp(Lag ))( (CP)y) <®exp —~ L) )(u(C’(D))),
aceD acD

because from Proposition 2111 L, o L], = L/, o L, = 0 holds. In consequence,

u(EP) = f(g,u(C®P)) <®exp — (@Yo (&”)*)(L@) (u(CP)y)

aeD

where

f X LU™n(v), WRin(v)) x M, < X U;nin(v)> — M, < X Ug*in(v')> .
a€eD a€D aeD

To prove the lemma we claim that the map f is C°°-Fréchet differentiable.

Recall that for each o« € D the map given by
L= (08 0 (1)) (La)
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is analytic because G, (V,,) is an analytic Banach manifold. Since we can identify the linear space £(UX"(v), Win(v))
with a sub-algebra of L(Va ., Va.,. ), from Example 2.20, we know that

exp : LUZ™ (v), W (v)) = GL(L(UZ™ (v), W™ (v)))
is analytic for each a € D. In consequence, the map
La — exp (La f (\I:Sf) ° (\11500)—1) (La))
is also analytic for each a € D. Finally, we conclude by using Proposition 3.5 that the map
X LU (v), W™ (v)) = L <a &) U (v) ,VD>
a€D aED

given by

(Ladacn = ) exp (La = (W7 0 (06) 1) (La))

aeD

vz v)

is C*°-Fréchet differentiable. Observe that f can be written by using the evaluation map

eval : £ (a ® Umin(v) , , ® U;“in(vl)> X q ® Urn(v) — 4 ® U (v')

aeD aeD keD keD

given by

(D) (@ | _ (D) (@)
eval | F, Z E(ia)aED®uia =F Z E(ia)agDuia )

1<ia <ro aeD 1<ia <ra
aeD aeD

which is multilinear and continuous. From Proposition 2] it is also C*°-Fréchet differentiable. Since

f(&,u(CP))) = eval <<® exp (La - (\II(VO,‘) o (\Pga))l)(La))> ,u(C(D))> :

aeD

the claim follows. We recall that

2 ( X Uz?““(v’)> =M. ( X U,;nin(v)> —RSeeP T,

keD keD

Thus the lemma is proved. L]

Remark 3.15 Observe that if we assume that (Vy, || - |a) is a complex Banach space for each oo € D and
|l - llp is a norm on the complex tensor space Vp = o Qcp Vo such that the tensor product map (3.1) is
continuous, from Proposition we have that the extension of the tensor product map (31) is analytic.
Moreover, the map

X E(Uartnin(v)vwénin(v)) - X E(Uarznin(v)vva)v £ = (La)aep = (ida + La)acp = (exp(La))acD
aeD aeD

between the product of complexr Banach spaces is clearly analytic. In consequence, under the above assump-
tions it can be shown that the bijective map &y 0 £51 is analytic.

Before stating the next result we recall the definition of a fibre bundle.

Definition 3.16 A C*-fibre bundle (E, B, ), where k > 0, with typical fibre F (a given manifold) is a C*-
surjective morphism of C* manifolds m : E — B which is locally a product, that is, the C*-manifold B has
an open atlas {(Uy,€a)}aca such that for each o € A there is a C* diffeomorphism xo : 7~ (Uy) — Uy X F
such that pa © Xa = T, where po : Uy x F' — U, is the projection. The C* manifolds E and B are called the
total space and base of the fibre bundle, respectively. For each b € B, m=(b) = Ey, is called the fibre over b.
The C* diffeomorphisms X« are called fibre bundle charts.
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Theorem 3.17 Assume that (Va, || - ||a) is a normed space for each o € D and that || - ||p is a norm on the
tensor space Vp = 4 @ cp Vo such that the tensor product map (3.1) is continuous. Then the collection
{UV), & Fvem. (vp) s a C>-atlas for M (V p) and hence it is a C>°-Banach manifold modelled on a Banach
space

(>< C(Ua,Wa)> x R aepTa

aeD

here U, € G, (Vy) and Voyjn = Ua @ Wa, where V| is the completion of Vo for a € D. Moreover,

aeD

(mr(VD)a >< Gra (Va),Qt>

is a C*°-fibre bundle with typical fibre R*X“ED e

Proof. Since {(U(V),&v)}vem, (vp) satisfies AT1, Lemma implies AT2 and AT3 follows from Lemma
BI4 we obtain the first statement. To prove the second one we observe that the local chart system
{(U(v), &)} for the manifold 9. (Vp) allows us to write the morphism

0c : M (Vp) = X G, (Va), v (UMV))aeb,

aeD

locally as a map

aceD aeD

(X E(U&“i“(V),Wé’“’“(V))> X RSP 5 X LR (v), W (v)),

given by
((La)aeDvE(D)> — (La>a€D-

Thus, o, is a C*°-surjective morphism. Moreover, by construction of the atlases, for each v € 9M,(Vp) the
map Xy := (Uy x idgxacp ra ) 0 & Where

v UW) = o (>< G(Wﬁin<v>,va>> - <>< G(W;“i“(v),Va)> X R oen e

acD acD
is a C'*°-diffeomorphism satisfying 7y o xv = ¢ where
min X Ta min
i < >< G(Wa (V)a Va)) x R* - - >< G(Wa (V)7Va)7 ((UQ)QGDaE(D)) = (Ua)aED-
acD aeD

In consequence, the second statement is proved. [

Remark 3.18 We point out that for d = 2 the typical fibre is the Lie group GL(R") for some r > 1 and for
t=1 (and any d > 2) the typical fibre is the Lie group GL(R) = R\ {0}. Then in both cases we have that
the fibre bundle is a principal bundle, that is, a fibre bundle which has as a typical fibre a Lie group.

Remark 3.19 Assume that (Vu, || - |la) i a complex Banach space for each oo € D and || - ||p is a norm
on the complex tensor space Vp = o Q,cp Vo such that the tensor product map (3.1)) is continuous. From
Remark [313 we have that the collection {U(V), &y }vem. (vp) 95 an analytic atlas for M (Vp) and hence it
is an analytic Banach manifold modelled on a Banach space

<>< C(Ua,Wa)> x CXaepTa

aeD

here U, € G, (V) and V,, = Uy ® W, for a € D.
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We point out that the norm || - ||[p in Vp is only used in the proof of Lemma B4 in order to endow

the finite-dimensional tensor space o ® e US™(v) with a structure of finite-dimensional Banach space for
each v € M (Vp). Thus, the geometric structure of manifold is independent of the choice of the norm || - || p

over the tensor space V. We illustrate this assertion with the following example.

Example 3.20 Let Vi = H"P(I1) and Vs, = H"P(Iz), with || - loa = || - [[1,p,1., and 1 < p < co. Take
Vp = H"(I}) ®, HYP(I3). Now, we can consider as ambient Banach space either

V—D|I-I|D,1 — Hl,p(Il x 1),

with || - |px = || - [[1,p, or
Vo 1Pt = B (1) @)y, HYP (),

p> 1/p
21lp

of
7o = (nfn;z s

where || - [[p2 == || - |l(0,1),p s the norm given by

The tensor product map [31)) is continuous for both norms (see Examples 4.41 and 4.42 in [19]) and hence
from Theorem [3.17 we obtain that for each r > 1 the set M, y(Vp) is a C>-Banach manifold modelled on

E(Ul, Wl) X E(UQ, Wg) X GL(RT),
here U; € G.(HYP(I;)) and HY?(I;) = U; ® W; fori=1,2.
The next result gives us the conditions to have a Hilbert manifold.

Corollary 3.21 Assume that (Va, || - [la) is a normed space such that Vi —is a Hilbert space for each
a € D and let || - ||p be a norm on the tensor space Vp = o @ cp Va such that the tensor product map
(Z1) is continuous. Then M. (Vp) is a C>°-Hilbert manifold modelled on a Hilbert space

X W x RXQEDTQ,

aeD

here Vo, .. = Ua @ Wa, for some U, € G, (V) for a € D.

Proof. We can identify each Lo € £ (U™ (v), Wi (v)) with a set of vectors (wgg))s":” € Wmin(y)ra,

Sa=1
where wg‘;‘) =L, (ugi)) and U;ﬂin(v) = Span {uga)’ . ’ug_’i‘)} for & € D. Thus we can identify each (2’ C(D)) c
& (U(v)) with a pair

(W.0®) e X wingyre x R =er T,
aeD

where W := ((w(a))T“ Jacp- Take X ,cp WHin(v)re x R*X“ED " an open subset of the Hilbert space

ta Jta=1

X pep Whin(v)re x RXaepTe endowed with the inner product norm
| (W.CP) 2y = ICPE+ 32 3 w2,
a€Dign=1

with || - | the Frobenius norm. It allows us to define local charts, also denoted by &, by

&1 X W (v x RIS U(y),
a€eD

where &1 (W, CP)) = w, putting La(ugg)) = ng), 1 < iy < 7rq and a € D. Since each local chart is

defined over an open subset of the Hilbert space X ,cp Wmin(y)re x RXaep "o the corollary follows. ]
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Using the definition of the local charts for the manifold 9. (Vp), we can identify its tangent space at
v with Ty(Me(VD)) := X aep LU (v), WRin(v)) x RXacn 7 We will consider Ty (9:(Vp)) endowed
with the product norm

1€, SNl == ICP e + Y I Zallwgin vy vginew)-

aeD

Finally, the fact that Vp = U.cap(v,,) P:(Vp) allows us to state the following.

Corollary 3.22 Assume that (Va, || - ||a) is a normed space for each o € D and that || -||p is a norm on the
tensor space Vp = o @ ,cp Va such that the tensor product map (31)) is continuous. Then the algebraic
tensor space Vp is a C*°-Banach manifold not modelled on a particular Banach space.

4 The manifold of tensors in Tucker format with fixed rank and
its natural ambient tensor Banach space

Consider the tensor space Vp = , ®a€ p Vo and assume that for each o € D the vector space V, is a
normed space with a norm || - ||,. We start with a brief discussion about the choice of the ambient manifold
for M. (Vp). Recall that in Example 320l we have two norms || - ||p,1 and || - || p,2 on Vp such that the tensor

product map B.I) is continuous for both norms. Then we have two natural embeddings Vp C V_D”'”D’1

and Vp C V_DH'HD’Z. In this context a natural question about the choice of a norm || - ||p for the algebraic
tensor space Vp appears: What is the good choice for this norm to show that 9.(Vp) is an immersed
submanifold?

More precisely, assume that (Va, || - ||o) is @ normed space for each oo € D and let || - ||p be a norm on

the tensor space Vp = o @ ,cp Vo such that the tensor product map (B.I)) is continuous. Then we have

a natural ambient space for 9. (Vp) given by a Banach tensor space VD”'”D = VDH-HD' Since the natural
inclusion

i: imt(VD) — VD“‘“D’

given by i(v) = v, is an injective map we will study i as a function between Banach manifolds. To this end
we recall the definition of an immersion between manifolds.

Definition 4.1 Let F: X — Y be a morphism between Banach manifolds and let x € X. We shall say that
F is an immersion at x if there exists an open neighbourhood X, of x in X such that the restriction of F
to X, induces an isomorphism from X, onto a submanifold of Y. We say that F' is an immersion if it is an
immersion at each point of X.

Our next step is to recall the definition of the differential as a morphism which gives a linear map between
the tangent spaces of the manifolds involved with the morphism.

Definition 4.2 Let X and Y be two Banach manifolds. Let F : X —Y be a C" morphism, i.e.,
YoFop™ i pU) = (W)

is a C"-Fréchet differentiable map, where (U, ) is a chart in X at x and (W,v) is a chart in' Y at F(z).
For x € X, we define

ToF i To(X) — Tpe)(Y), v (o Fop ™) (p(@))]o.
For Banach manifolds we have the following criterion for immersions (see Theorem 3.5.7 in [28]).

Proposition 4.3 Let X, Y be Banach manifolds of class CP (p > 1). Let F : X =Y be a C? morphism and
x € X. Then F is an immersion at x if and only if T, F' is injective and T, F(T,(X)) € G(Tp)(Y)).
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A concept related to an immersion between Banach manifolds is introduced in the following definition.

Definition 4.4 Assume that X and Y are Banach manifolds and let f : X — Y be a C" morphism. If f
is an injective immersion, then f(X) is called an immersed submanifold of Y.

In consequence, to prove that the standard inclusion map i is an immersion we shall prove, under the
appropriate conditions, that if i is a differentiable morphism then for each v € 9, (Vp) the linear map Tyi
is injective and Tvi(Ty(9M:(Vp))) belongs to G(Vp, ).

4.1 The linear map T,i is injective

u'™ € M (Vp),

To describe i as a morphism, we proceed as follows. Given v =3 1<;_ <, C((.D) Raep Ui,

1a)aED
aeD
we consider U (v), a neighbourhood of v, and

(io&h): X LU (v), W™ (v)) x RE = V.
a€eD

From the proof of Lemma [3.14] the map (io &;1) is given by
. — . D . @
(i€ (g, E(D)) = eval <® (ide + L), u(E(D))> = > Egia;@ (ido + L) (ul™).
a€eD 1<in<rq a€D

aeD

Remark 4.5 Observe that it allows us to define a left local action of the Lie group X 4 p GL(L(UR®(v), Whin(v)))
onto the local manifold U(v) as follows:

X GLILUZ™(v), W™ (v)) x U(v) = UW),  ((exp(La))aen, W) = Q) exp(L

aeD aeD

Moreover, we can also define a right local action using the Lie group X ,cp GL(URR(v)) by

Ut ( X LU i“<V>>> —U), (@exp (u(EP)), (G mED) — @ (exp(La)oGa) (u(ED)).

a€eD aeD a€D

The next lemma describes the tangent map Ty i.

Proposition 4.6 Assume that (Va, || - ||a) is a normed space for each o € D and let || - ||p be a norm
on the tensor space Vp = oQ@,cp Va such that the tensor product map (31) is continuous. For v =
Zl<za<ra C((ZD)) . Rocp z('a) € M(Vp) the following statements hold.

(a) The map (i0&;Y) from X oep LU (v), WRin(v)) x RXacn e to Vb, ,, is Fréchet differentiable,
and hence
Tyie L (’E‘v(mt(VD)),VD”_”D) .

(b) Assume (£,CP)) € Ty(M(Vp)), where CP) € RXacp™ and £ = (Ly)aep is in X yep LU (v), W2iR(v)).
Then w = Tyi(£, CP)) if and only if

w= > D Qu+ Y (deul), (4.1)

1<ia<ro a€eD 1<ia <rq
aeD aeD

where (@) (D) »)
U, = Z Cim(iﬂ)ﬁED\{a} ®u”"
1§igST[-; BED
BED\{a}
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Proof. To prove statement (a), from the results of section B3] we know that (io&;1) is C*°-Fréchet differen-
tiable and that &, (v) = (0, C(P)). Now, to prove (b) observe that

Tyi: X LUD(v), WRR(v)) x R eep T 5 V),

aeD

is given by the chain rule:
Ti(€,CP)) = [(io
=[(io

- Z O((i’i))CVED ® UE T Z Z z(f?zw)ﬁeo\{ } La(u?ﬂ) ® ® ugg)

1<in<rq a€eD 1<iq<ro 1<ig<rg BeD

)’((IOEV DL, )

13
0 &) (0,CMN)(L, CP)

a€eD a€eD geD\{a} B#a
_ (a) (a)
= > DL Qul+ Y (Latuz)eul?).
1<in<rq a€eD 1<ian<rq
a€eD aeD
This implies statement (b). |

In the next proposition we prove that Tyi is injective when we consider v in the manifold 9, (Vp). Tt
allows us to characterise the tangent space of 9,.(Vp) inside the tensor space VD”,”D. We recall that from
Remark B.11] we have

US{H{Q}(V) = span {UEZ‘) 11 < <o}y
for « € D. In order to simplify notations we introduce the following definition. For each v € 9M.(Vp) we
denote by Z(D)(v) the linear subspace in VDHAHD defined by

2P (v) = o QU™ (v (EB W™ (v) @4 Upiiay (v ))

aeD aeD

Proposition 4.7 Assume that (V|- ||«) s a normed space for each o € D and let || - ||p be a norm on the
tensor space Vp = o @ qcp Vo such that the tensor product map (3.1)) is continuous. Let v € M.(Vp), then
the linear map Tyi is injective and Tyi(Ty (M (Vp))) = ZP)(v) is linearly isomorphic to Ty(M(Vp)).

Proof. First, observe that if v € 9, (Vp) and w = Tvi(Q, CP)), then by Proposition ELG|(b)
s ~(D) (a) (a) €Y
w= Y O, Qul+ Y ( ®U; )

1<ia<ro aeD 1<ia<rq
aeD aeD

where @ (D)
Uia = Z (w)ﬂep®u mi?a}( v),
1§ig§Tﬂ BeD
BeD\{a}

and ugj) = La(ugj)) € Wmin(y) for all a € D. Hence Tyi(Ty(9M:(Vp))) C ZP)(v). Next, we claim that
Z(P)(v) C Tyi(Ty(M.(Vp))). To prove the claim take w € Z(P)(v). Then we can write

w= 3 Py @u?+ S (0 0UW),

1<ia <ra aeD 1<ia <ra
aeD aeD

where wz(:‘) e Wrin(y) for 1 < iy < ro and o € D. Now, define Ly, € L(U™(v), W™ (v)) by Le(u (0‘)) =
wl(j) for 1 < i, <rs and a € D. Then the claim follows from w = Tvi((La)aep,C'(D)). To conclude the
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proof of the proposition we need to show that the map Tyi is an injective linear operator. To prove this
consider that

Tyi ((Lﬁ)ﬁeD; C'(D)) =0,

that is,
0= 3 CMcr @ui+ > > (VeUl)
1<ia <ra aeD 1<ia<ra 1<ia<rqa
aeD aeD

with @*) = Lo(u{™). Thus,

ta Ta

S Py R ui® =0,

1<ia<ra a€D
aceD

Z (uz(:) ® UZ(-:)) =0fora€e D,

1<ia<ra

and hence CP) = o, because {®aeD ugj)} is a basis of 4 ®,cp US™(v) , and W =0 for 1 < iy < 7o,

because the {UZ(-:) : 1 < iy < 74} are linearly independent for a € D. Then Lo =0 forall « € D. We
conclude that
((s)sen, CP)) = ((0)pep, o)

and, in consequence, T is injective. [

4.2 The linear subspace T,i(T(9M:(Vp))) belongs to G(Vp, )

Finally, to show that i is an immersion, and hence 9.(Vp) is an immersed submanifold of Vb, by
Proposition @77l we need to prove that Z(P) (v) € G(V|.p)- To reach it we need a slightly stronger condition

than the continuity of the tensor product map. To this end we introduce the crossnorms.
4.2.1 Crossnorms

Let [|-]|, , & € D, be the norms of the vector spaces V,, appearing in Vp = 4 @ Va . By ||| we denote the

a€eD
norm on the tensor space Vp. Note that |-|| is not determined by |-||,,, for @ € D, but there are relations
which are ‘reasonable’. Any norm |- on , @, p Va satisfying
H Q. val| =T, Ivalla  forallvg € Vy (a € D) (4.2)

is called a crossnorm. As usual, the dual norm of ||-|| is denoted by |[|-||*. If ||-|| is a crossnorm and also ||-||*

is a crossnorm on , @, .p Vi, ie.,
@] = () (@) ¢ p*
H ®aeD © HaeD [l )12 for all p'* e VI (e € D), (4.3)
then ||-|| is called a reasonable crossnorm.

Remark 4.8 Eq. ([d2) implies the inequality || @,ecp Vall S Taep IValla which is equivalent to the conti-
nuity of the multilinear tensor product map (31).

Grothendieck [I5] named the following norm ||-||,, the injective norm.

Definition 4.9 Let V,, be a Banach space with norm |||, for a € D. Then forv € V = 4 Q,cp Va define
H”V(Vl ..... Vd) by
(01 @2 ® ... ® pa) (V) .
Ivilvoa,. vy = sup{ - 0FpaeVi,aeDy. (4.4)
HaeD H‘Palla
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It is well known that the injective norm is a reasonable crossnorm (see Lemma 1.6 in [26] and ([@2])-(Z3).
Further properties are given by the next proposition (see Lemma 4.96 and Section 4.2.4 in [19]).

Proposition 4.10 Let V,, be a Banach space with norm |||, for o € D, and || - || be a norm on Vp =
aQucp Va - The following statements hold.

(a) For each oo € D introduce the tensor Banach space Xo = |,y v v Qpsa Vs - Then

- lvoa,.va =1 lveva xa) (4.5)
holds for o € D.

(b) The injective norm is the weakest reasonable crossnorm on 'V, i.e., if ||-|| is a reasonable crossnorm on

V, then
2 v - (4.6)
(¢) For any norm ||-|| on 'V satisfying ||-[\,(v;, . v,y S Il the map (E1) is continuous, and hence Fréchet
differentiable.

The following result shows an interesting use of the injective norm.

Corollary 4.11 Assume that (Va,| - ||a) is a normed space for each o € D. Then the algebraic tensor space
V = 4 Qucp Va is a C*®°-Banach manifold not modelled on a particular Banach space.

Proof. Let Vo,
Then we have

be the Banach space obtained by the completion of V,, by using the norm || - ||, for @ € D.

V:a®VaCV*=a®VaH«Ha‘

aeD aeD
From Proposition EI0(c) the map

X: <>< Va|,|a,|-||> — (v*,| vy e vw)

acD

is continuous and hence

® : ( X Vo, |||> — (V’ H ' ||V(V1H‘H1 """ Vd|‘|d))

aeD
is also continuous. Then Corollary [3.22] proves the desired conclusion. ]
Remark 4.12 Observe that from the proof of the above corollary, we can conclude that V* = o @ cp Vo
is also a C°°-Banach manifold not modelled on a particular Banach space.
4.2.2 Ti(Tv(M:(Vp))) belongs to G(Vp, )
We will assume that the norm ||-|| , on Vp satisfies
Il ,vy) S IHllp s (4.7)

and hence, by Proposition [£10/(c), under this condition, Proposition 7] also holds. A first useful result is
the following lemma.

Lemma 4.13 Assume that (Vy, || ||a) is a normed space for each o € D and let ||-||p be a norm on the tensor
space Vp = ¢ Q@ qcp Va such that D) holds. Let € D. If Wg € G(Vﬂu»ug) satisfies Vg, = Up @ Wp for
some finite-dimensional subspace Ug in VﬁH-Hg’ then W @4 Ujg) € G(VDH,”D) for every finite-dimensional
subspace Uig) C Vi) = o« Qsep\ (5 Vo, -
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Proof. First, observe that if W is a finite-dimensional subspace, then Wz ®, Ujg) is also finite-dimensional,
and hence the lemma follows. Thus, assume that Wjp is an infinite-dimensional closed subspace of Vﬁu-ug’

and to simplify the notation write

seD\{B}

If Ujg) € X is a finite-dimensional subspace, then there exists Wi € G(Xp) such that Xs = Uz © Wig).
Since the tensor product map

&) VIl 118) X (Ko |- v vaVis 1, Vssnva) = (V11 )

is continuous and by Lemma 3.18 in [11], for each elementary tensor vs ® vig € Vﬁu-ug ®q X3 we have

<’ 4 /dim U[ﬁ] HVB ® V[ﬁ]HD-

Thus, (idg ® PU[B]EBW[B]) is continuous over Vﬂu»ug ®aq Xg, and hence in VDMD. Now, take into account the
fact that
idg = PUB®WB + PWBGBUB,
so that
idg @ PU[m@W[m - PUBEBWB ® PU[B]@W[B] + PWB@UB ® PU[BJ@W[BJ'

Observe that idg ® PU[ : and P, ® P, are continuous linear maps over VBMB ®q Xg, and

B1®Ws Up®Wp Vs Wis)
then PWgﬂBUg ® PU[B]eaww] is a continuous linear map over VBMB ®q Xg. Thus,
Pi= Py au, ® PU[B]@W[B] € L(VDy,, Vi)
and PoP = P. Since P(Vp, ) = Ws ®q Upg), the lemma follows by Proposition 2.8 |

Lemma 4.14 Let X be a Banach space and assume that U,V € G(X). IfUNV = {0}, then UV € G(X).
Moreover, UNV € G(X) holds.

Proof. To prove the first statement assume that UNV = {0}. Since U,V € G(X) there exist U', V' € G(X),
suchthat X =U@U' =V V' . ThenU = XNU = VeV )NU =UNV'andV = XNV = UaU )NV =

V' NU’. In consequence, we can write
UaVe U nV)=UnV)Ye(VnUYsU'NV)=UaU)Nn(VeaeV)=X,

and the first statement follows. To prove the second one, observe that X = (UNV)@ (UNV )@ (VNU') &
u'nv’). [

An important consequence of the above two lemmas is the following theorem.

Theorem 4.15 Assume that (V|| - ||a) i @ normed space for each a € D and let || - ||p be a norm on
the tensor space Vp = o @ ,cp Va such that &) holds. Then for each v € M(Vp) we have ZW)(v) €
G(Vbpy. ). and hence M(Vp) is an immersed submanifold of Vp, .

Proof. For each a € D we have W™ (v) € G(V,,,.) and URY ,(v) C a Qsep\{ay Vo, 18 @ finite-

_ D\{a}
dimensional subspace. From Lemma LT3 we have Wi (v) ®q Up\7,,(v) € G(Vp, ) for all a € D. Since
0 Quep US(v) € G(Vp,,,): by Lemma[@LT4 we obtain that ZP)(v) € G(Vpy,,)- |
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Example 4.16 Let us recall the topological tensor spaces introduced in Example [T3. Let I, C R (a € D)
and1 < p < oo. Let1:= X ,ep Io. Hence LP(I) is a tensor Banach space for all « € Tp. In this example we
denote the usual norm of LP(I) by || - |lo,p. Since ||-|lo,p is a reasonable crossnorm (see Example 4.72 in [19]),
then [@X) holds. From Theorem [{.15 we obtain that M (o Quep LP(Ia)) is an immersed submanifold of
Lr(I).

Example 4.17 Now, we return to Example[320. From Example 4.42 in [19] we know that the norm

I ll0,1),p is a crossnorm on HY“P(Iy) ®q H'P(I3), and hence it is not weaker than the injective norm. In
consequence, from Theorem [[.15, we obtain that M (HVP(I1) ®, HYP(13)) is an immersed submanifold in
HYP (1) @) g, HP(I2)-

Since in a reflexive Banach space every closed linear subspace is proximinal (see p. 61 in [I3]), we have
the following corollary.

Corollary 4.18 Assume that (Vy, ||+ ||la) is a normed space for each o € D and let || - |p be a norm on the
tensor space Vp = o @uep Va such that @1) holds and Vp, | = |, Quep Va is a reflexive Banach

space. Then for any v € M (Vp) and 1 € Vb, there exists Voest € Z(D)(v) such that

@ — Vpese|]| =  min [[a—v].
veZ(D)(v)

5 On the Dirac—Frenkel variational principle on tensor Banach
spaces

5.1 Model reduction in tensor Banach spaces

In this section we consider the abstract ordinary differential equation in a reflexive tensor Banach space
VDMD7 given by

u(t) = F(t,u(t)), for t >0, (5.1)

where we assume ug # 0 and F : [0,00) X VDMD — VDHAHD satisfying the usual conditions to have
existence and uniqueness of solutions. As usual we assume that (V,,|| - ||«) is @ normed space for each
a« € D and let | - |[p be a norm on the tensor space Vp = 4 @, cp Vo such that (£7) holds. We want to
approximate u(t), for ¢t € I := (0,T) for some T > 0, by a differentiable curve ¢t — v, (¢) from I to MM.(Vp),
where v € AD(Vp) (v # 0), such that v,.(0) = vg € M(Vp) is an approximation of ug

Our main goal is to construct a reduced order model of (BI)—(%.2]) over the Banach manifold 9. (Vp).
Since F(t,v,(t)) € Vp, . for each ¢t € I, and ZP)(v,(t)) is a closed linear subspace in Vb, . we have

the existence of a v,.(t) € Z(P)(v,.(t)) such that

[V (t) = F (&, v ()0 = v = F(t, vr(t)llp-

min
VEZD) (v, (1))
It is well known that, if Vip s a Hilbert space, then v,(t) = Py, (1) (F(, v, (t))), where

Pu,t) = Pz (v, 1)@z (v, (1) *

is called the metric projection. It has the following important property: v,.(t) = Py, () (F(t,v,(t))) if and
only if
(Vo (t) = F(t,v,.(t)),v)p = 0 for all v € ZP) (v,.(t)).

The concept of a metric projection can be extended to the Banach space setting. To this end we recall
the following definitions. A Banach space X with norm || - || is said to be strictly convez if ||z + y||/2 < 1

3v( can be chosen as the best approximation of up in 9:(V ) because a best approximation exists [I1].
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for all x,y € X with ||z|| = |ly|| = 1 and z # y. It is uniformly convez if lim, o |2, — yn|| = 0 for any two
sequences {Zy }nen and {yn pnen such that [[,[| = |lyn| = 1 and lim, o0 (|25 + ynll/2 = 1. It is known that
a uniformly convex Banach space is reflexive and strictly convex. A Banach space X is said to be smooth if

the limit
ety o]
t—0 t
exists for all z,y € Sx = {z € X : ||z]| = 1}. Finally, a Banach space X is said to be uniformly smooth if its

modulus of smoothness

{ o+ 7yl +[le —7yll

5 1},T>0,

p(T) = sup
z,yESx

satisfies the condition lim,_,o p(7) = 0. In uniformly smooth spaces, and only in such spaces, the norm is
uniformly Fréchet differentiable. A uniformly smooth Banach space is smooth. The converse is true if the
Banach space is finite-dimensional. Tt is known that the space LP (1 < p < o0) is a uniformly convex and
uniformly smooth Banach space.

Let {-,) : X x X* — R denote the duality pairing, i.e.,
(@, f) = f(z).
The normalised duality mapping J : X — 2% " is defined by
J(z) = {f € X"z, f) = ||zl = (IF1")*},
and it has the following properties (see [2]):

(a) If X is smooth, the map J is single-valued;
(b) if X is smooth, then J is norm-to—weak* continuous;

(¢) if X is uniformly smooth, then J is uniformly norm-to—norm continuous on each bounded subset of
X.

Remark 5.1 In a Hilbert space, the normalised duality mapping is the Riesz map. Notice that after identi-
fying X with X*, it can be shown (see Proposition 4.8(i) in [7]) that the normalised duality mapping is the
tdentity operator.

Assume that (Va, || - [[o) is a normed space for each a € D. Let Vp | = ||, @nep Va be a reflexive
and strictly convex tensor Banach space such that (£7) holds. For F(t,v,(t)) in Vp ., with a fixed t € I,
it is known that the set

{w):|vr<t>—F<t,vr<t>>||D= wmin ||v—F<t,vr<t>>|D}

VEZD) (v, (1))

is always a singleton. Let Py ;) be the mapping from Vp,.,, onto Z)(v,.(t)) defined by v,(t) :=
Py, 1) (F(t,v,(t))) if and only if

[V (t) = F (&, v (1)l D = v = F(t, vr(t)llp-

min
veZ(D) (v, (t))

It is also called the metric projection. The classical characterisation of the metric projection together with
Proposition 2.10 of [2] allows us to state the next result.

Theorem 5.2 Assume that (Va, || - [la) is a normed space for each o € D. Let Vp | = ., @aep Va be
a reflexive and strictly convex tensor Banach space such that (&T)) holds. Then for each t € I the following
statements are equivalent.

(@) ¥r(t) = Py, (F(t, v, (1))).
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(b) (v, (t) — ¥, J(F(t,v,.(t)) — v,.(t))) > 0 for all v € ZP) (v,.(1)).
(c) (v, J(F(t, v (t)) — v,.(t)) = 0 for all v € ZP)(v,.(t)).
An alternative approach is the use of the so-called generalised projection operator (see also [2]). To

formulate this, we will use the following framework. Let VDH-HD be a reflexive, strictly convex and smooth
tensor Banach space. Following [23], we can define a function ¢ : Vo, X Vb, — Rby

o(u,v) = [[ul|h — 2(u, J(v)) + ||V,

where (-, ) denotes the duality pairing and J is the normalised duality mapping. It is known that the set

{w) O (). F(tv, () = min ¢(v,F<t,vr<tm}

vEZDP) (v,.(t))

is always a singleton. It allows us to defineamap Ily ) : Vp,  —— ZP) (v,(t)) by v,(t) := Iy, ) (F(t, v (1))
if and only if
v (t),F(t,v.(t))) = min v, F(t,v,(t))).
S (. F (Vo) = | min 0%, Flt,vi(1))
The map Il ;) is called the generalised projection. It coincides with the metric projection when VDH-HD is
a Hilbert space.

Remark 5.3 We point out that, in general, the operators Py () and Il ) are nonlinear in Banach (not
Hilbert) spaces.

Again, a classical characterisation of the generalised projection gives us the following theorem.

Theorem 5.4 Assume that (Va, || - [la) is a normed space for each o € D. Let Vip | = ., Qaecp Va be

a reflexive and strictly convex tensor Banach space such that (&) holds. Then for each t € I we have
Vi (t) = Iy, ) (F(t, v (1))
if and only if
(Vo (t) =, J(F(t, v, (£)) — J(V(£)) > 0 for all v € ZDP) (v,.(t)).
5.2 The time—dependent Hartree method

Assume that (Vi, || - [|o) is a Banach space for each o € D. Let V| = |1, ®acp Va be a reflexive and
strictly convex tensor Banach space such that (A1) holds. Let us consider in V. a flow generated by
a densely defined operator A € L(V|.|, V. ). More precisely, there exists a collection of bijective maps
@, : D(A) — D(A), here D(A) denotes the domain of A, satisfying

() @y = id,

(il) @15 = Prop,, and
(iii) for ug € D(A), the map t — ¢, is differentiable as a curve in V., and u(t) := ¢,(up) satisfies
u = Au,

u(0) = uo.

In this framework we want to study the approximation of a solution u(t) = ¢,(ug) € V| by a curve
v, (t) := A(t) ®aep va(t) in the Banach manifold M, 1)(V), also called in [27] the Hartree manifold. The
time—dependent Hartree method consists in the use of the Dirac—Frenkel variational principle on the Hartree
manifold. More precisely, we want to solve the following reduced order model:
Vi (t) = Py, 1) (Av,(t)) for t € I,
v,-(0) = vo,
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with vo = A\g QaebD v(()a) € M1,...,1y(V) being an approximation of ug. By using the characterisation of the
metric projection in a Banach space, for each ¢ > 0 we would like to find v,.(t) € Ty, )i (Tv, 1) (Ma,...1)(V)))
such that

<V7 J(Vr(t> - Avr(t))> =0forallve TVT(t)i (TVT(t) (m(l,,l)(V») ) (53>

VT(O) =Vg = )\0 ®o¢ED ’Uéa).

A first result is the following Lemma.

Lemma 5.5 Let v € C*(I,U(vy)), where v(0) = vo € M1, 1)(V) and (U(vo), Ov,) is a local chart at vq in

M1,...1(V). Assume that v is also a C*-morphism between the manifolds I C R and U(vo) C M, 1)(V)
such that v(t) = ANt) @ e p Va(t) for some X € C*(I,R) and vy € CY(I,V,) for a € D. Then
V(1) = At) R) va(t) + A1) Y Ga(t) ® R) va(t) = Ty(r)i(Tev(1)),1 (5.4)
a€D a€D gSéD

where A(t) € R and v, (t) € W (vo) fort € I and a € D. Moreover, if we assume that for each o € D,
Vo is a Hilbert space and v, (t) € Sy, , i.e., ||[va(t)|la = 1 fort € I, then 04(t) € T, (+)(Sv,) fort € I and
aecD.

Proof. First of all, we recall that by the construction of U(v) it follows that WXt (vqy) = W2in(v(t))

and that UM (vy) = span{v(()a)} is linearly isomorphic to UM"(v(t)) for all t € I and @ € D. Assume
Oy, (v(t)) = (A1), L1 (1), - - -, La(t)), i-e.,

v(t) = At) Q) (ida + La(t) (),

aeD

where A € C1(I,R\{0}), Lo € C*(I, LIU™ (vq), WXt (v))) and (idg+ Lo (1)) (05 € UM (v(t)) for o € D.
We point out that the linear map Tyv : R — Ty 1) (M1,...,1)(V)) is characterised by

Tyv(1) = (O, 0 V) (t) = (A(t), L1 (t), ..., La(t)). (5.5)

Since Lo € CH(I, L(U™™(vo), WX (vp))) then L, € CO(I, L(UM™ (vy), W™ (v())). Observe that U™ (v()
and U™ (v(t)) have Wit (vy) as a common complement. From Lemma EI0 we know that

Prymin (v )@ wmin (vo) | 7min(v(2)) : Un"(v(t)) — U™ (vo)
is a linear isomorphism. We can write
La(t) = La(t) Pumin (vo)awimin (vo) a0d Lo (t) = La () Psmin (vo)awmin(vo)
and then in (53) we identify L, (t) € LU (vo), W (vy))) with
Lo (t) Pugin (voyewmin(vo) lumin(viey € LU (v(1), Wa™ (vo))).

Introduce v, (t) := (idy + La(t))(véa)) for « € D. Then

La(t)(va(t)) = La(t) Pumin vy wmin (vo) lomin vty (V6™ + La(t)(0§™)) = La(t) (0§

holds for all ¢t € I and o € D. Hence

Pa(t) = La(®)(w§") = La(t)(va(t)) (5.6)

4Observe that the derivative at t of a map v : I — M., 1)(V) considered as a morphism between manifolds is given by
a linear map T¢v : R — Ty 4y (9M(y,... 1)(V)) which is characterised by the fact that T¢v (i) = 2T¢v(1) holds for all 4 € R. It
allows us to identify the linear map Tyv with the vector T¢v(1), that represents the derivative of the curve v(t) by using local
coordinates which is usually written as v(¢) by abuse of notation.
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holds for all ¢t € T and o € D. From Lemma [6(b) and (51, we have
Tyi(Tiv(1) = A1) Q) valt) + A1) D> La(t)(va(t) @ ) vs(t),

aeD aeD B#a

and, by using ([&.8]) for v(t) = A(t) @ ,cp Va(t), we obtain (5.4).
To prove the second statement, recall that UM (v(t)) = span {v,(t)} and V, = U (v(t)) @ Wit (vy)
for « € D. Let (-,-),, be the scalar product defined on V,, (o« € D). Then we consider

Wi (vo) = span {va ()} = {ta € Vi : (Ua, a(t))a = 0} for a € D,
and hence (04(t)), v (t))o = 0 holds for @ € D. From Remark2.29], we have (01 (t), ..., 04(t)) € C(I, X 4ep To, t)(Sva)),
because W2 (vg) = T, (1)(Sy, ) for a € D. ]

The next result, where we assume that A(t) = A\g = 1 holds for all time ¢, gives us the time dependent
Hartree method on tensor Banach (not necessarily Hilbert) spaces (compare with Theorem 3.1 in [27]).

Theorem 5.6 (Time dependent Hartree method on tensor Banach spaces) The solution v,.(t) =
Racp Valt), with (vi(t),...,va(t)) € Xoep Va, of
Vi (t) = Py, 1) (Avi(t)) fort € 1,
v, (0) = vy,
satisfies
<wa ® (R vs(t)), J(¥n(t) — Avr(t))> =0 foralli, eV, aecbD.
BeD

Ba

Proof. From Lemma we have T, ) (931(17,“,1)(V)) = R x X ,ecp W2 (vg), Thus, for each w €
Tyt (']Tv(t) (Dﬁ(l _____ 1)(V))) there exists (co, 11, . .., Wq) € R X X 4ep WRin(vg), such that

W= Q) valt) + Y tha ® () v3(t).

a€eD aeD BeD
BF#a

Observe that (B3) holds if and only if

<?'ﬂ &) valt) + Y ta @ (R vs(1)), J (Ve (t) - Avr(t))> =0

a€D a€ED BeD
B

for all (co,11,...,14) € R x X yep W2IN(vg). In particular, for a fixed a € D take 1w = 0 for all 8 # «
and @ = 0 then

<wa () vs(t). T (¥ (1) - Avr<t>>> =0
BeD
BFo

holds for all 1w, € WXi%(vy). By taking ¢ = 1 and wg = 0 for all 8 € D it holds

<® ’Ua(t), J(Vr(t) - Avr(t))> =0.

aeD

Since UM (v(t)) = span {v,(t)} and V,, = UM (v(t)) @ WXiB(vq) for a € D the theorem follows. |

Let (-, -),, be ascalar product defined on V,, (o € D), i.e., V, is a pre-Hilbert space. Then V = @ cp Va
is again a pre-Hilbert space with a scalar product which is defined for elementary tensors v = )
and w = ®,.pw'® by

(v,w) = <® 0@, ® w(a)> = H <v(o‘),w(o‘)> for all v(®) w(® e V,. (5.7)

a€eD aeD aeD
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This bilinear form has a unique extension (-,-) : V. x V. — R. One verifies that (-,-) is a scalar product,
called the induced scalar product. Let 'V be equipped with the norm ||-|| corresponding to the induced scalar
product (-,-). As usual, the Hilbert tensor space V.| = . @,cp Va is the completion of V with respect
to ||-||. Since the norm ||| is derived via (@), it is easy to see that ||-|| is a reasonable and even uniform

crossnorm. Moreover, without loss of generality, we can assume ||v6a) lo =1 for a € D.
Before stating the next result, we introduce for v,(t) = A(t) @ cp va(t) the following time dependent
bilinear forms

aa(t; Bl ) : Va X Va — ]Ra
defined by

(£ 20 Ya) = <A(za @ @ vst)), (v ® @ uﬂ(t))>

peD BeD
BF#a B#a

for each oo € D. Now, we will show the next result (compare with Theorem 3.1 in [27]).

Theorem 5.7 (Time dependent Hartree method on tensor Hilbert spaces) The solution v,.(t) =
A(t) Qpep Valt) with (vi(t),...,va(t)) € X 4epSv,, of

Vi (t) = Py, 1) (Avi(t)) fort € 1,

v,-(0) = vy,

satisfies
(Da(t), Wa)a — aa(t;va(t),a) =0  for all g € Ty, 1)(Sv,), «€ D,

and

30 =daesp ([ (4 (acora(s) Sacorals) ds)

Proof. From Lemma we have Ty (Sﬁ(l ,,,,, 1)(V)) = R x X,ep Ty, )(Sv, ), Thus, for each w €
Tv(t)i (Tv(t) (m(1,71)(v>)) there exists (¢, w1, ..., wq) € R x X aeD Tva(t) (Sv, ), such that

W= Q) valt) + At) Y tia @ () va(t)).
a€eD a€D BED
BF#a

Then (B.3)) holds if and only if

<w Q) va(t) + A1) D tha @ () vs(1)), V() — Avr(t)> =0

a€eD aeD BeED
BFa

for all (7,11, ...,%wq) € R x X 4ep Ty, #)(Sv, ). Then

Mty + A0 D | (Gat), ta)a — (A Q) valt), tra © () vs(t)))

aeD pneD BED
B#a
~A(B)@(A ) valt), @) valt) =0,
aeD aeD

i.e.

& (A = MOA®cp valt). ®aep val®)))
+)‘(t)2 ZaeD (@a(t)awah - <A ®ueD Uu(t)awa ® (®g§£ Uﬂ(t))>) =0
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holds for all @ € R and (w1, ...,%wq) € X 4ep Ty, 1) (Sv, ). If A(t) solves the differential equation

)‘(t) = <A (®aEDUoz(t)) s DaeDVa (t)> )‘(t)
A(0) = Ao,

ie. A(t) = Ao exp </Ot (A (®aepVa(8)) s ®acpVa(s)) ds> ;

then the first term of (5.8) is equal to 0. Therefore, from (5.8) we obtain that for all & € D,

(Do (t), Wa)o — (A ® Uu(t)awa ® (® vg(t))) =0,

neD BeD
B#a
that is,
(0a(t), Wa)a — aa(t;va(t), wa) =0
holds for all W, € T, ) (Sv, ), and the theorem follows. |

5.3 Concluding Remarks

We would point out that when we assume that V, = V for all a € D then the theory presented above
covers the classical MCTDH approximation for molecules (see for example Section 1.9 in [21]). In fact the
approximate wave function v, (t) computed on M. (V) does not conform the Pauli’s exclusion principle.
To take into account the antisymmetry of the wave function we need to use the so-called multi—configuration
time—dependent Hartree-Fock (MCTDHF) approximation. The MCTDHF is based on the use of the so-
called Hartree-Fock manifold. This manifold is constructed by using the existence of a projection Pg from
V to the linear subspace of antisymmetric tensors of V (corresponding to fermions). Then the Hartree-Fock
manifold is defined as

.....

In a similar way, the use of a projection onto the linear subspace of symmetric tensors of V (corresponding
to bosons) allows us to introduce a manifold, namely 9318 1)(V). The extension of the results given in this

paper to sm?g 1)(V) and 9318 1)(V) are part of a work in progress and will be published elsewhere.
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