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ABSTRACT. A well known result from functional analysis states that any compact operator between
Hilbert spaces admits a singular value decomposition (SVD). This decomposition is a powerful tool that
is the workhorse of many methods both in mathematics and applied fields. A prominent application in
recent years is the approximation of high-dimensional functions in a low-rank format. This is based on
the fact that, under certain conditions, a tensor can be identified with a compact operator and SVD
applies to the latter. One key assumption for this application is that the tensor product norm is not
weaker than the injective norm. This assumption is not fulfilled in Sobolev spaces, which are widely
used in the theory and numerics of partial differential equations. Our goal is the analysis of the SVD in
Sobolev spaces.

This work consists of two parts. In this manuscript (part I), we address low-rank approximations and
minimal subspaces in H'. We analyze the H'-error of the SVD performed in the ambient L2-space. In
part II, we will address variants of the SVD in norms stronger than the L?-norm. We will provide a few
numerical examples that support our theoretical findings.

1. INTRODUCTION

1.1. Low-Rank Approximation. We begin by providing a few motivating examples where the need
for low-rank approximation arises. We do not aim to provide a comprehensive overview and refer
instead to, e.g., [9, 10, 8, [, [11] for more details.

Consider a prototypical situation in numerical approximation where a function f € C([0, 1]9) is
approximated by a discrete function on a finite grid

(1.1) Frarky =T @k my)s Thyowy = (k1h, ooy kgh) €0, 1% 0 < k; <n,

where h = 1/n and n + 1 is the number of grid points in each dimension. Simply storing such an
approximation requires storing at least (n + 1)d values — and this number grows exponentially in d.
This quickly becomes unfeasible for problems with a large dimension d.

Low-rank approximation is a widely used tool to address high-dimensional problems. Suppose we
can approximate f in the form

frfr=Y fio..eff
k=1

Storing or evaluating the right-hand-side f, requires only the knowledge of the rd one-dimensional
entries f,g and thus reduces the cost to nrd. Thus, this is a significant reduction in cost, provided r is
small in some sense (hence, the term low-rank).

Prominent applications where such high-dimensional problems appear arise in quantum mechanics
and quantum chemistry. Wave functions describing physical states of non-relativistic quantum systems
are functions in the space L?(R3"), where N is the number of elementary particles. Thus, for multi-
particle systems the dimension d = 3N is large even for comparatively simple models. A wave function
P e L2(R3N ) is then given as a solution to a PDE, such as the Schrodinger equation, and 1) is approx-
imated via, e.g., a finite difference method with point values as in (II]), or through the coefficients of
some basis expansion ¥ = Zkl,...,kd Chy, o kg Phi, ... ky> Where @, . is some multi-dimensional basis
of functions such as finite elements or wavelets. See [9] for more details.
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Yet another application is the approximation of operators or inverse operators for either solving or
pre-conditioning equations. Suppose a matrix or an operator are given in the form

d
(1.2) A:Zid1®...®idk_1®Ak®idk+1®...®idd.
k=1

Assume that a function ¢ applied to A has the integral representation
o) = [ exp(AF(@)G(0
Q

for some € C R and functions F' and G. This is valid for, e.g., the inverse function ¢(z) = 77 and
a self-adjoint positive A. Then, since A has the form as in (L2), a quadrature rule for approximating
the integral

p(z) = / exp(zF(t))G(t)dt, =z €R,
Q
provides a separable approximation to ¢(A). For more details we refer to [10] [§].

1.2. The Singular Value Decomposition. Let T : H; — Hs be a continuous compact linear oper-
ator between Hilbert spaces. Then, for any = € Hy

(1.3) Tz = ZUk (@) g1, Prs
k=1

for a non-negative non-increasing sequence {0 }ren and orthonormal systems

{Vx}ken C Hy and {¢g bren C Ha2. The representation (L3) is known as the singular value decomposi-
tion of T', or SVD for short. It is both a powerful analysis tool and an approximation tool. Perhaps
the most important feature of this decomposition can be summarized as

T = ok (k) g, Ok
k=1

= = inf T-A
Ir+1 ranli?A)ﬁr H H’

where || - || refers to the standard operator norm and where the infimum is taken over all operators A
from H; to He with rank bounded by r. Le., (I3]) gives both the optimal approximation with rank
< r (for any r), obtained by truncating the SVD, and the singular values {0 }ren provide the best
approximation errors.

SVD has many applications in both mathematics and applied sciences. To name a few: computation
of pseudoinverse, determination of rank (and null space, range), least-squares minimization, principal
component analysis, proper orthogonal decomposition, data compression, quantum entanglement. For
recent applications in model reduction see [12| [I]. The subject of this work is the application of SVD
to low-rank approximation of functions, see [5].

A function u in the tensor product H1® Hs of two Hilbert spaces Hy and Hs possesses a decomposition

(1.4) U= Z Ok ® Pr,
k=1

if the norm on the tensor product space is not weaker than the injective norm. This guarantees that
u can be identified with a compact operator and thus (I3]) applies. These conditions are certainly
satisfied for functions between finite dimensional spaces. There are also important examples of infinite
dimensional spaces, where this is satisfied as well. The most prominent example is the space of square
integrable functions L?(£2; x Qs).

Low-rank approximations are of essential importance when dealing with tensor product spaces
®?:1 Hj, d > 2. There is no known generalization of SVD to d > 2. However, if we consider the vector

space isomorphism (given appropriate norms), ®?:1 H; = (®j€a Hj> ® <®jeac Hj) ,a C{l,...,d},
we can apply SVD in the latter tensor space since this is again a two dimensional tensor product. This
is known as the higher-order singular value decomposition (HOSVD), see [4], [7]. Thus, the theory for
d = 2 can be recycled for higher dimensions. This applies to high-dimensional kernel operators in

LQ(><?:1 Q).
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There are two other works] that considered the related questions of regularity and error estimation of
the L2-SVD. In [14] the author showed that the L2-SVD inherits the regularity of the original function.
In [6] the author investigated L>-error control of the L2-SVD for functions with sufficient smoothness
by using the Gagliardo-Nirenberg inequality.

An important example where (I.4]) does not apply are multi-dimensional Sobolev spaces. The Sobolev
norm on the tensor product space is not weaker than the injective norm and thus Sobolev functions
can not be identified with compact operators. Another way of framing this from an approximation
standpoint: we can not apply SVD to functions while controlling the Sobolev norm. However, not all
hope is lost, since Sobolev spaces are “in between” spaces where SVD applies. E.g., the space of square
integrable functions or the space of functions with mixed smoothness. Moreover, Sobolev spaces such
as H'(Q) can be identified with an intersection of tensor product spaces, where SVD applies in each of
the spaces in the intersection.

The purpose of this work is to analyze if and how SVD can be applied to approximate functions in
a Sobolev space. We work with the prototype H!(Q2), which frequently arises as the solution space of
partial differential equations. The results can be naturally extended to the spaces H*(Q), k > 1. The
paper is organized as follows. In Section 2] we briefly review some of the basics of tensor spaces. In
Section [Bl we discuss low-rank approximation and minimal subspaces in Sobolev spaces. In Section [
we analyze the H!-error of the SVD performed in the ambient L? space (L?-SVD).

2. PRELIMINARIES

We briefly review some of the theory on tensor spaces and minimal subspaces. Most of the following
material can be found in [5], some of it in [3]. We use the notation A < B < A < CB, for some
constant C' > 0 independent of A or B. Similarly for 2; and ~ if both < and 2 hold. We use = to

denote vector space isomorphisms, with equivalent norms where relevant.

2.1. Algebraic Tensor Spaces. Let V = X ®, Y be an algebraic tensor product space, where X and
Y are vector spaces. Briefly, it is the space of all sums of the formv = >, _;2®y, 2 € X, ye Y, r e N,
where the tensor product ® is bilinear on X x Y. See [5, Chapter 3.2] for a precise definition of the
tensor product.

This construction can be extended for more than two vector spaces to obtain the tensor space
V = a®?:1 X;, with elements v = Y, _; ®?:1 zj, zj € X;, r € N. We will sometimes require the
isomorphic representations

d
QX=X | e QX | = (KX, ®“<“®Xi>’
j=1

jAi JjEa 1€’
where o C {1,...,d}, a={1,...,d} \ a.
2.2. Tensor Norms and Banach Tensor Spaces. If we are given a norm | - || on the vector space
V= ®§l:1 X, we can consider the completion w.r.t. that norm.
Definition 2.1 (Topological Tensor Product). The space

d Tll'll
QX =a@X;
i=1 =1

1s called a topological tensor product.

Let each of the X; be a normed vector space. Since ||-|| induces a topology on V' and with the product
topology on X;'l:1 X, we can ask if ® : X;.lzl X; — V is continuous. In fact, many useful properties in
the analysis of tensor product spaces require even stronger conditions. For ease of presentation, we list
the definitions for d = 2.

Definition 2.2 (Crossnorms). A norm on'V = X ®,Y is called a crossnorm if |z @y|| = ||z||x|ylly. It
is called a reasonable crossnorm if it is a crossnorm and ||z* Qy*||* = ||z*|| x+||y*||y+, * € X*, y* € Y*
where || - ||* denotes the standard dual norm on the topological dual Z* of a space Z.

IThat we are aware of.
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It is called a uniform crossnorm if it is a reasonable crossnorm and |A ® Bl = ||A]|||B]|, A €
L(X,X), B e L(Y,Y), with the standard operator norms and where L(X,Y) denotes the space of
continuous linear operators from X to Y.

There are two important examples of reasonable crossnorms which are the strongest and the weakest
crossnorms (see [3, Chapter 1.1.2] for a justification of the terminology).

Definition 2.3 (Projective and Injective Norms). The projective norm on'V = X ®,Y is defined as

m m
folln o= int {z ey v =3 @y}
=1 =1

where the infimum is taken over all possible representations of v. The injective norm on' V =X ®,Y

1s defined as

o]y = sup e @)y
pex=\{0}, pey=\{o} el x[[¢]y=
By [5, Proposition 4.68], we have that for any reasonable crossnorm || - ||, |- |[v S -1 S - A In

this work we will frequently require the following definition.

Definition 2.4 (Hilbert Tensor Space with Canonical Norm). Let H = Hy®, Ho be an algebraic tensor
product of two Hilbert spaces Hy and Ho. The canonical inner product (and associated canonical norm,)
on H is defined such that (x1 ® y1, 72 ® y2) = (T1,%2) g, - (Y1, Y2) , - By linearity this definition extends
to any v € H. The canonical norm is a uniform crossnorm.

2.3. Sobolev Spaces. For the remainder of this work we will require the spaces

d d
L2(Q) = L*(X ), H'(Q)=H'(X Q).
j=1 j=1
We use the shorthand notation || - ||o to denote the L? norm and || - ||; to denote the H' norm. This
notation will be used both for the tensor product space and the one dimensional components, where
the difference should be clear from context. We use HL. () to denote spaces of functions with mixed
smoothness with the corresponding norm || - ||mix-

We have

d
~ 2
Q) 2, Q L7(Q),  Hx —||||mlx®H
=1

where || - ||o (resp. || - ||mix) are uniform crossnorms defined from the norms || - [|o (resp. || - |1) on the
individual spaces L?($;) (resp. H'(Q;)).
We frequently require spaces of functions differentiable in only one direction

H = H' () @), |« QL) |,
J#k
where for e, = (01, ..., 0q4x) being the k-th canonical vector, the norm is defined via
a 2
2 . 2
ot <= ol + 50|

As in Definition Z3] we can define the projective and injective norms on H' (), ® <a &2k LZ(QJ)).

We denote these norms by || - [|z(e,) and || - [|y(e,), respectively. The space H*(£2) can be identified with
the intersection space

d
(2.1) H'(Q) = () H>,
k=1
where the latter is equipped with the intersection norm || - || := maxj<g<q|| - |le,, Or any equivalent
norm. The utility in this representation lies in the fact that || - ||¢, is the canonical norm on the Hilbert

tensor space H® and thus SVD applies (see Section 25)). For each 1 < k < d, we get a different
decomposition.
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2.4. Minimal Subspaces and Tensor Formats. For a tensor in the algebraic tensor space X ®,Y,
with X and Y Hilbert spaces, the SVD gives the representation v = >} _; oxtr ® ¢. Letting U; :=
span{vYy : 1 <k <r},Us :=span{¢y : 1 < k <r}, we have the obvious statement u € Uy ®,Us. More
importantly, these spaces are minimal in the sense that if u € V; ®, Vo, then Uy C V4 and Us C V.
Spaces Uy and U, are called the minimal subspaces of u and they can be defined in a more general
setting.

Definition 2.5 (Minimal Subspaces). Let ||-|| = || ||v be a norm on'V =, ®;l:1 X;. For anyv € vl
the j-th minimal subspace is defined as

IFlx,

d
U™ (v) := span {‘P(U) co = en 5 =idj, ok € (Xp)*, k 7éj)} ’
k=1

where id; denotes the identity operator on X;. This definition can be naturally extended to Umin(y) for
any o C {1,...,d}.

The question whether

d
(2.2) VE, ®U}mn(v)
j=1
is not trivial for topological tensors v € V”'”. A positive answer requires further structure of the

component spaces and the tensor norm.

Definition 2.6 (Grassmanian). Let X be a Banach space. A closed subspace U C X is called direct or
complemented if there exists a closed subspace W such that X =U @ W is a direct sum. The set G(X)
of all complemented subspaces in X is called the Grassmanian.

Any closed subspace U of a Hilbert space X belongs to G(X). An important example where (2.2])
is satisfied is when all X; are Hilbert spaces and || - || is the canonical norm. The Sobolev space H!(2)
does not have this property. In particular, || - || > || - ||v does not hold. However, H'(£2) is isomorphic
to an intersection of tensor spaces, where each individual space in the intersection satisfies (2.2)). This
property is frequently exploited in our work.

Ultimately we are interested in low-rank approximations. For d = 2, there is only one choice of a
low-rank format. However, for d > 2 there are many possible low-rank tensor formats. The two most
basic tensor formats are the following.

Definition 2.7 (Canonical Format). Let r € N. The r-term (or canonical) format in V =, ®;l:1 X;
is defined as

r d
R, (V) := sz@xf:x?GXj

k=1 j=1

Definition 2.8 (Tucker Format). For r = (r1,...,7q) € N%, the Tucker format in V =, ®?:1 X; is
defined as

To(V) = {v € V: dim UM (v) <r;}.

2.5. Tensors as Operators and Singular Value Decomposition. Let F(Y, X) denote the space
of finite rank operators from Y to X, (Y, X) denote the space of compact operators from Y to X and
N (Y, X) denote the space of nuclear operators from Y to X. Then, for any reasonable crossnorm || - ||
we get the inclusions (see [5, Corollary 4.84])

An important example and the subject of this work is the case when X and Y are Hilbert spaces.
Then, X* = X and Y* 2 Y. This implies that if [|-|| is a reasonable crossnorm, then X®) Y C £(Y, X).
Since we can apply the singular value decomposition in K(Y, X), this gives a representation for any
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veX®Y,v= > req 0kUk ® ¢, for a decreasing non-negative sequence {0 }ren and orthonormal
systems {Vx }ren C X, {&r tren C Y. Moreover, this provides us with the best low-rank approximations

T
lv = oxzr @ykllv = 0rp1 =  _inf o = vrllv,
k=1 V=1 TR @Yk

for any r € N. The rank of v is the smallest r such that 0,41 =0 (r = oo if no such r exists). For the
canonical norm on Hilbert tensor spaces we get

T e}
o =Y oz ouwl?P= > (o)?= _inf  Ju—ul?
k=1 k=r+1 Ur=>_ k-1 Tk QY

The corresponding space is the space of Hilbert Schmidt operators from Y to X, X @ Y = HS(Y, X).
A typical example is the space of square integrable functions L*(€) = L?(Q1) ®).|, L*(€2), where we
consider product domains Q = € x Q5. The Sobolev space H'(£2), on the other hand, is not equipped
with the canonical norm. The Hilbert tensor space that is the tensor product of one dimensional Sobolev
spaces with the canonical norm corresponds to the space H'. (Q) of functions with mixed smoothness.

mix
The singular value decomposition does not apply in H! directly, which is the motivation for this work.
The above does not extend to d > 2 directly. However, we have the following vector space isomor-

phism.

Definition 2.9 (Matricisation). The matricisation My with O # o C {1,...,d} is the linear map
defined by

d
Ma:a@X; = | @)X | @0 [« QX5 ]
j=1

JjE€a jEeac

d
®$j — ®$j ® ® zj |,
=1

jEa jEQc

where the definition can be extended to any x € a®;l:1 X by linearity. Moreover, this definition can
be extended to topological tensors, if the norms in the domain and image of M, are compatible, i.e.,
Mg, and MGt are continuous.

Definition 2.10 (HOSVD). Let a be as in (2.9) and let
V= ®?:1 X, where all X; are Hilbert spaces and ||-|| is the canonical norm. Then, M is an linear

isometric isomorphism from V to the Hilbert tensor space <a ®j€a Xj> Qo (a® X-) , endowed

1€l <
with the canonical norm || - ||o. Thus, we can apply SVD for any a. Set o = {j} and let {T/Ji}keN CXj
denote the X ;-orthonormal singular functions obtained from the SVD of M{j}(.%’). Then, there exists
a unique sequence x € lo(N?) such that x = sz k=1 ackh___,kd?/),il R ® Q,Z)gd. This representation is

called the higher-order singular value decomposition
(HOSVD) of x.

Other types of decompositions can be obtained by considering SVDs of
a-matricisations for all « in a dimension partition tree over {1,--- ,d}. These decompositions are called
hierarchical HOSVDs. For details and precise definitions see [5], Sections 8.3, 11.3].

The approximation obtained by truncating the HOSVD is not optimal anymore but rather quasi-
optimal, as recalled in the following theorem. The proof can be found in [5, Theorem 10.3].
Theorem 2.11 (HOSVD truncation). In the setting of Definition 210, let r := (r1,...,7q) € N and
let Pﬂj be the orthogonal projection from X; onto Uﬂj (z) = span {1% 1<k < ’I“j} , where T/)i € Xj are
the singular functions obtained via the HOSVD. Then x, := Prx, with Pp = ®?:1 Pﬂ;x, s called the
truncated HOSVD with multilinear (Tucker) rank v, and the truncation error satisfies

d 00
lz—zo* <> D> (0)?<d inf o —of?

=1 i=r;+1 veTr (V)

where {Jg}ieN are the singular values of My ().
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Similar statements can be obtained for the hierarchical HOSVD, with different constants [4, [7].

3. LOwW-RANK APPROXIMATIONS IN H!

Before we continue with our analysis of low-rank approximations, we clarify what is meant by an
algebraic tensor in H'(Q2). So far we defined algebraic tensors only on tensor product spaces. In the
case of intersection spaces there are several candidates, since there are multiple tensor product spaces
involved. As the following lemma shows, all possible choices lead to the same algebraic tensor space,
as long as we require H' regularity.

Lemma 3.1 ([5, Proposition 4.104]).

d d

QL) H Q) = R H().
j=1

Proof. To show how the algebraic tensors in L?(§2) inherit H! regularity, we detail the proof in a more
rigorous way than in [5, Proposition 4.104]. The inclusion “D>” is obvious. For the inclusion “C”, let
u € a®?:1 L2(Q;) N HY(Q). For a fixed 1 < k < d, we have

”'He
(3.1) ue L) @0 |« QL) | NH ()a Q) L2(Q))
s ik
Then, there is a number r € N and functions {v;}7_; C L?(Q),
{whZ, C o @k L%();) such that v = >/_; v ® wy. By [5, Lemma 3.13], w.lo.g., we can as-
sume {v;};_, and {w;}]_, to be linearly independent. Thus, we can choose a dual basis {¢;}]_; C

<a 1k LQ(Qj)) such that ¢y (w;) = dx;. Note that the mapping

idg ®¢y - (Qk D-le,, ® L Ol — Hl(Qk)
J#k
is continuous for all 1 <1 <, since || - ||, is a reasonable crossnorm.
Moreover, by ([B), there exist {v]" ® W} 1<1<m, C HY(Q) ®q <a &1k LQ(QJ)) such that
1<m<oo

=0.

€k

m
u— E vt @ wy"

=1

lim
m—0o0

Thus, since idy ®¢; is continuous

m
0= Wgnoo idy ®yp; <u - Zvlm ® w}”)

=1 1
T m
= Tim | " ogi(w) =Y o (wi)
m—o0
=1 =1 1

= lim ||v; — g v i (w)™)
m—ro0
= 1

And thus v; € span {vlm :1<l<m,1<m< oo}ll.||1 - Hl(Qk) Since 7 and k were chosen arbitrar-
ily, this shows u € Ni_, H () @4 <a 1k LQ(Qj)) . Finally, by [5, Lemma 6.11] ({_, H* (%) ®a
<a sk LQ(Qj)) =4 ®?:1 H'(©;). This completes the proof. O
3.1. Existence of Low-Rank Approximations. First, we address the question of existence of low-

rank approximations of a function v € H'(€2). Since for d > 2 and r > 1 the set R,.(V) is not closed
even for the case V = L?(Q2) (see [5, Section 9.4.1]), we only consider Tucker formats.
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In analogy to Definition 2.5}, for v € H'(Q2) we define the subspace
A d
(3.2) U’ (u) := span {@(u) to =R or: 0 =idj, on € (LP(W)*, k # J)} :
k=1

Note that for u € , ®;l:1 HY(Q;), U’(u) is a closed subspace of H'(§;) and the definition coincides
with the case u € a®;l:1 L%(£2;). Since in this case u can be written as u = > j_, ®?:1 vi, for
some r € N, any ¢ from (3.2)) applied to u yields p(u) = > ;_; vi <Hi¢j gpz(vfc)) . And thus U7 (u) C
span {vi 1<k < 7“} . The subspace U’ (u) C H(Q;) is finite dimensional and is closed in any norm.

Thus, together with Lemma Bl we can define the Tucker manifold for » = (rq,...,74) and V =

a ®;l:1 H'(Q;) in the same way as in Definition 2.8 This set remains weakly closed in H'(). To
show this, we first require the following lemma.

Lemma 3.2. 7, <a ®7_, Hl(%‘)) = o @) H' ()N T, (a ®9, LQ(QJ))-
Proof. The inclusion “C” is trivial.

For the other inclusion, assume v € , ®;l:1 HY(Q;)NT, <a ®;l:1 Lz(Qj)>. Since v € 4 ®§l:1 H(Q;),
U’(v) ¢ HY(Q;) and by [5, Lemma 6.11] v € a®?:1 Ul(v) C a®;l:1 L%(2;). In particular, since
veT (a ®;?:1L2(Qj)>, dimU7(v) < rj for all 1 < j < d. Hence, v € T, (a ®;?:1H1(Qj)>. This

completes the proof.

Theorem 3.3. 7, (a ®?:1 Hl(Qj)> is weakly closed and therefore proziminal in H'(Q).

Proof. Let {vn}nen C Tr (a ®?:1 Hl(Qj)> satisfy v, — vin H(Q). Since (L*(Q))" c (HY()),
vp — v in L2(Q). By Lemma B2, {v,}nen C Tr (a ®?:1 LZ(Qj)), ie., dim U (v,) <rjforall 1 <j<
d. By [5, Theorem 6.24], dim U’(v) < liminf, . dim U7 (v) < r;, and thus v € 7, <a ®;l:1 Hl(Qj)).
Since H!(2) is a reflexive Banach space, the set 7, <a ®;l:1 Hl(Qj)) is proximinal. O

3.2. Minimal Subspaces. The subspaces from (3.2]) inherit H! regularity.
Lemma 3.4. For u € H'(Q), U’(u) C H(Q;).

Proof. Let v € a®;l:1 Hl(Qj) and ;) = ®i:1 Yk, ©; =1d;, oi € L?(Q)*, k # j. Clearly, e (v) €
H'(Q;). By [5, Lemma 4.97] and [5, Proposition 4.68]

el S Mvllviey) S llvlle;-

Thus, ¢ : (a ®;l:1 HY(Q), | - H1> — H'(;) is a continuous linear mapping. Since

a ®;l:1 H'(Q;) is dense in H'(£2), ;] can be uniquely extended to a bounded linear mapping on H' ()
with the same operator norm, i.c., ¢;(v) € H'(;) is well defined for v € H*(2) and the statement
follows. U

Before we proceed, we would like to clarify that there are several possible definitions for minimal
subspaces when considering v € H'(2). First, there are two possible choices for the dual space leading
to

d
Uj(u) == span {SO(U) to = Q) vk 0 =id, gk € (L))", k # J)} ,
k=1

d
Uj (u) := span {SO(U) to =@ vk 0 =1id, @r € (H' ()", k 7’5]’)},
k=1
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where clearly Ug(u) = U’(u). Second, there are two possible choices for the completion norm, which
overall leads to four possible definitions

[I-llo II-ll1

) U}I(u) = Uaj(u) )
Il

U} (u) = Ui (u)

[I-llo

Upp(u) = Uj(w) , Uy (u) = Uj (u)

The space U}(u) is the minimal subspace of u as a function in L*(Q2). For d = 2, U};(u) (resp. U#(u))
is the minimal subspace of u as a function in H10) (resp. HOY) Ul (u) (resp. U?;(u)) is the
minimal subspace of u as a function in H(®V (resp. H19)) and U}V (u) is the minimal subspace of u
as a function in HL.
choose the variant U}, (u) for the left minimal subspace, and u € H®Y) with the variant U?, (u) for the
right minimal subspace. Analogously for d > 2.

(Q). Since we want to consider precisely u € H'(Q), we consider u € H10 and

. Il
With the preceding lemma we may now define U™ (u) = Us(u) ‘cH 1(©2;). This space differs

from U’ (u) in case u & 4 ®?:1 H1(Q;). We want to check if property (Z.2)) still holds for H' functions.
To this end, we require the following assumption.

Assumption 3.5. Let P/ : HY(Q;) — U}nin(u) be an orthogonal projection. We assume P is contin-

wous in L?
Py,
wp 1Pl _
veri(@,), vlo
v#£0

Remark 3.6. We will frequently encounter Assumption[3.3 in the following sections. We will discuss
sufficient conditions for this assumption to be satisfied in part II of this series. We will see that this
assumption is not necessarily satisfied. In fact, we conjecture that there are functions u € H(Q) which
do not satisfy the statement of Theorem [3.7]. The proof of this, however, seems to be not trivial.

Proposition 3.7. Let u € H'(Q)) and assume is satisfied. Then, it holds u € |, ®§l:1 U]min(u).

Proof. Since v € HY(Q), by &), u € H(Q;) ®y... <a Oz LQ(Qk)>. The space U™ (u) C H' ()
J

is a closed subspace of the Hilbert space H'(f2;). Thus, U]min(u) € G(H'(Q;)). Moreover, || - ||, is a

uniform crossnorm. This holds for any 1 < j < d and thus by [5, Theorem 6.29] we obtain

d
u e ﬂ Ui () ®|I'”€k a®L2(Qj)
k=1 £k
Next, following the arguments of [5, Theorem 6.28], consider the orthogonal projection P7 : H'(;) —
U™ (u). Let P/ := P/ ® <®z# idk). This is a linear continuous mapping from H!(£;) D,

<a ®k7éj Lg(Qk)) to U]min(u) ®||.||ej (a ®k;£j L2(Qk)>, with ||P7|| = ||P?|| = 1 (since || - [l is a uniform
crossnorm).
Take a sequence {uy, fnen C U]min(u) Ra <a ®k;£j LQ(Qk)) such that limy, o |t — up|le; = 0. Clearly,
PI(uy) = up, and
flu — PjuHej < lu - unHej + [Jun — PjuHej = flu— unHej + HPj(un - U)Hej
<2fu - unHej-

Taking the limit with n, we obtain u = Piu.
Since this holds for any 1 < 5 < d, we get

d d
(3.3) u= [P |u=|QRPF |u
j=1 j=1

Next, we require a separable representation for u that converges in H'(£2). This is possible for H(Q)
by choosing a complete H!(£2)-orthonormal system of elementary tensor products (e.g., a Fourier basis)
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or an H'(2) Riesz basis of wavelets. Let {®§l:1 wij : (kj);l:1 € N?} be such a system. Then, there

exists a sequence u = (ug)gend € f2(N?) such that

(3.4) w= lim Z Z ug ®¢

ki=1  kg=1

with convergence in || - ||;. Since || - [le; < [|-[1, 1< < d, (B3.4) converges in || - ||, for all 1 < j < d
as well. Thus, by (B3] and Assumption

d
@Pj u:nlggoz Zuk®Pj zpf
iz

k=1  kg=1

for any 1 <4 < d and with convergence in H L(Q). We take
Up = D0y D Uk ®;l:1 P’ (Q,Z)ij) Clearly, u, € , ®?:1 U (u) and by above limy oo [|u —
up|l1 = 0. This completes the proof. O

4. H-ERROR ANALYSIS OF L2-SVD

The singular value decomposition can be utilized to obtain spaces U]min(u) and low-rank approx-
imations therein. Interestingly, the resulting spaces are not necessarily the same depending on the
interpretation of u € H(€). In the following we restrict the exposition to d = 2.

If we consider u € L?(f2), then u can be identified with a compact operator from L?(s) to L%(Q1)
such that

(4.1) ulu] = /Q uleyy)wy)dy.

for w € L?(Qg). The adjoint u* : L2($) — LQ(QQ) is glven by u* fQ x)dz, for v € L?(Qy).
Thus, a left singular vector v of u satisfies uu*[y] = fQQ fQ )dwdy = )\w, for some A €
R*, and the accompanying right singular Vector satisﬁes uulp le fQ2 o(y)dydx = Ao.

Since w is a compact operator, we can find an L2—0rthonormal system of left and right singular
vectors, which we denote by {9y }ren and {ég }ren, respectively, and the corresponding singular values
by {020 = \/)\T/io}keNa sorted by decreasing values such that v = lim, o Y ;. ag%k ® Pk, in || - |]o. We
have the identities U (u) = span {¢k tkeN, o0 > O} ,

Us(u) = span { or : k €N, 020 > 0} . The SVD provides both optimal low-rank approximations of given
rank and an error estimator in the sense that

T
00 :
u— o ® = inf U — ,
| ; k Yk ® oxllo gem(m(ﬂ))n gllo
T o0
lu = "ol drlld = D (o))
k=1 k=r+1

For the case u & L?(Q1) ®, L2(Q2), A > 0 for all k € N. Otherwise, we only require finitely many
YPr’s and ¢p’s. Letting
Vi = )%,30 fQQ 6{1 . le x, Y)Y (z)drdy, we have that

(4.2) H’Yk”g = ()\]2#0)2/ ( o, Bam (s,y) /Q1 u(x,y)wk(x)dmdy>2ds

2
st ([ ([ )" o))
< Ep umno/m((/%@ o) ([ [ xydxdy>1/2> s

LSS (A
(02

IN

u

)

2"l
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and for all p € C°()

[ st = [ etrsm [ Guten) [ utepeuteydsyas
- 5w / | gt ds [ ute oty
5 | entsis [ utepoeioy

= | Zesm /Q o) | ulep)pu(a)dadyds
(4.3) =— /Q %w(é’)wk(é’)ds

so that v, = %wk. Analogously for ¢,

d 1 0
0 =5 gy [ e oy

Thus, ¥, € H' (1), ¢p € HY(Q2) for all k& € N and, consistently with Lemma B4 U;(u) C H'(Q1)
and Us(u) C H'(€3). The best rank 7 approximation in L?,

(4.4) up =Y o ® G,
k=1

makes sense in H! and we can consider the error |Ju — u,||;.

Theorem 4.1. Let u € H'(Q)) and u, be its best rank r approxvimation in L? defined by [@4). We have

2 _ 00\2
(15) = > o) <1+H@wk e 0)
k=1
i
(16) T s < oc

then ||u — u,|l1 — 0 and

@) o=l = D (of)? (1 ], e ) |
k=r+1 0 0

Proof. Clearly, if u, converges to some % € H'(R), u = @ a.e. by the simple inequality
(4.8) lu —llo < inf {flu —urllo + [l — urfl1} = 0.
We have

| = /20%@% 0200?0 {1k ® Pr, 1 @ i)y

1 k,l=1
00 00 d d
Z o) (VU ® ks 01 @ Pr)o + ( 5=k @ Pk, V1 @ Py
dx dx 0

k=1

+ <7/)k ® i%ﬂﬁl ® i<J5z> )

2
Z oPo? <5k15kl + H—wk Okt + Okt ¢k )
k=1 0
r d 2 d 2
= (000)2 1+ H—¢k + H—QSk .
kzzl k dx 0 dy o
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Thus, (||lu.||?)ren is a positive increasing sequence. If ([@6) holds, then (||u,||?),en converges. Then, for
m > 7 ||um — url|? = ||um||? — ||ur||?, which proves that u, is Cauchy and therefore converges. Taking
the limit and by (4.8]), we obtain ||u — u,||; — 0. The proof of (A7) follows similarly as above. O

Remark 4.2. Equation [@X1) is thus a recipe for constructing low-rank approrimations via the L?-SVD
but with error control in H'. Assumption ([&8) particularly holds when u is a numerical approzimation
to the solution of a PDE.

We can not expect [A8) to hold in general. Specifically, in ([L2) we applied twice the Cauchy-Schwarz
inequality, which is known to be sharp. Since A\° = (00)2, this would imply that @8] is not satisfied
and u, diverges in H'(Q). On the other hand, we can think of cases where [@&8) is satisfied, such as in
the case of a Fourier basis.

We ask what are the possible conditions on 1y, and ¢y, for (6 to be satisfied? Note that this condition
is similar to well-known estimates from approximation theory, specifically approzimation via wavelets
or, more generally, multi-scale approximation. There sufficient conditions include the existence of a
uniformly bounded family of projectors that satisfy direct and inverse inequalities.

Translated into our setting, sufficient conditions for (A8l look as follows. Define the subspaces
S; := span {wk 1<k < 21} C UPin(yu), I € No. We require the Jackson (direct) inequality to be
satisfied

inf ||f —wllg S 27N flh, Vf € U™ (w),
v ES)]

for some s > 1 and the Bernstein (indirect) inequality ||[v|l1 < 2%||vilo, for all v € Sy, for some 5> 1.
Analogously for the space generated by the ¢y ’s. For more details we refer to [13, Theorem 5.12] and

2].

We conclude this part by extending the result to d > 2. Let u € HY(Q) with Q = X?Zl Q,

x = (x1,...,249) € Q. Then, for any 1 <i < d, we can consider the integral operator

wi s L) = L(X ), wifw] = / Uy @iy Jw(ag)dag, w € L)
j#i &

As before, we can consider the singular vectors {7/’2 : k € N}, and the corresponding eigenvalues

{\¢ € RT : k € N}. The derivatives are given by

d 0 )
y 1/),2:/ 'u(...,xil,-,xwl,...)/ w(x )y, (x;)d.
Xy X Q;

with the familiar estimate

d i
d_a:iwk

, < i”uno H%u”o The identity

Ui(u):span{w,i:keN, a,’;:\/)\};>0}, 1<i<d,

holds. Define the subspace Bf,i = span {1/)}C 1<k < ri} , and the corresponding L?-orthogonal pro-
jector Pfi s L2(Q) — Bf,i, for 1 <4 < d. Then, for » = (rq,...,ry) € N%, define

d
(4.9) Pr = ®Prjj, and  u, = Pru.
j=1

The projection P, is the HOSVD projection from Theorem 2.IIl Before we proceed, we require the
following lemma, which is an extension of Theorem [4.11

Lemma 4.3. Let u € H(Q) and Pﬂj = id1®---®Pﬂ; ®---®idg. We have
2
0>.

o0

=Pl = Y (oh)? <1+ | v

k‘:Tj-i-l

Ty

P4 ul2, =3 (oh)? (1 # |4l

k=1

If lim, o0 HnguHe]. < oo, then ||u — PﬂjuHej — 0 and

)
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Proof. We consider the matricisation

Myjy(u) : H9 — Hl(Qj) Ol 1.0) LA (X ).
i#]

This is a linear isometric isomorphism since || - [|¢; and || - [[(1,0) are canonical norms (induced by the
same norms). The space H'(£);) 1.0y LQ(Xi# ;) is a Hilbert tensor space of order 2 equipped with

the canonical norm, with the H! norm on the left and L? norm on the right. Thus, we can apply
Theorem [T to My;y(u) and the statement follows. O

For the H! error we get the following result. Remark applies here as well.
Theorem 4.4. Let u € HY(Q) and u, be defined by ([@E3). We have
2
0) ‘

d Tj d T

1 ; ; d

(4.10) SISl < i < 30D (02 (1 v
j=1k=1 j=1k=1

+ ZFZ ri) | < oo
]
2
O) .

Proof. Let Pﬂj be defined as in Lemma [4.3l The projection Hf £ P} is orthogonal in the || - ||, norm.

Yl

Define the constants I'j(r;) := sup, i f[vllo -
"

2 © g
(1.1 Wﬁmzz Y R

=1 k=1

then ||u — up||1 — 0 and

d 9]
(112) =i~ Y Y (o (1+H%wi

j=1k=r;+1

The lower bound in (£I0) is an immediate consequence of [5, Theorem 10.3]. For the upper bound we
get by applying Lemma (4.3

2
d d d
[Pl < 3 IPeull?, = 3| | TP
=1 =1 || \i#i g
d d Tj d ) 2
Jw &
<[l =33 (14| )
j=1 7j=1k=1
Next, observe that we can bound the || - ||; norm of Pﬂ - as follows

1PLolly < T(rpIIPEvllo < Tj(rj)llvllo < Tj(ry)lvlls,

for any v € H*(;). Thus, since || - ||, is a uniform crossnorm on H¢, \|73,]~j||e]. = HPﬂJHl, so that we
can bound \|73,zj||1 <Tj(rj).

Let Uy, := Pmu be an HOSVD approximation as in (£9) with m; > r; for all j. Then, since H?# Pr
is orthogonal w.r.t. || - ||, and applying again Lemma &3] we have

[tm — ur|[§ < Z (P — Pr)ull,

d d d
<P HP’ +1Po | 1T P =TI P | v

J=1 i#] ] i#j

€j €j
d m;
<2 Z Z <1+H—W >+P2m] > Z (07)”
j=1k=r;+1 i#£j k=r;+1

If (@II) holds, then wu, is a Cauchy sequence in H! and by uniqueness of the limit we must have
|lu — upll1 — 0.
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Finally, we show the bounds in (4I2]). The mapping id = ®§l:1 id; is an orthogonal projection in

the || - ||l; norm and Im (Hg;j 73,’11) C Im (id). Thus, for any 1 < j <d

2

d

. 2 . 2 s i ;
IGd — Ppyull? > Gd - Pyull?, = | |id = [ T[7% | P2 |
i#] .
J
. j 2 - J\2 d J ?
Z‘(ld_Prj)u ej: Z (o3) 1"‘”%1% )
k=7’j+1

where the last equality is due to Lemma [43] This shows the lower bound in (A.I2]).

For the upper bound

d
. 2 . 2
I(id = Py )ully < Z 1(id — Py )ull,,

7=1
d d ‘ 2 d ‘ ' 2
=S |(Gd -] Pi)u +|]]7Gd—Pi)u
i=1 i o i g
d [ [e'S) d 2
732 72 J
91D oCIRD RC (o T
j=1 | k=r;+1 k=r;+1
d oo i d ; 2
= Z (o0)" | 2+ || =¥
— dx 0
j=1k=r;+1
This completes the proof. O
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