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1 Introduction

Tensor approximation methods play a central role in the numerical solution of
high dimensional problems arising in a wide range of applications. The reader
is referred to the monograph [9] and surveys [ITJBLI3[I] for an introduction to
tensor numerical methods and an overview of recent developments in the field.
Low-rank tensor formats based on subspaces are widely used for complexity
reduction in the representation of high-order tensors. Two of the most popular
formats are the Tucker format and the Hierarchical Tucker format 8] (HT for
short). It is possible to show that the Tensor Train format [I4], introduced
originally by Vidal [15], is a particular case of the HT format (see e.g. Chapter
12 in [9]). In the framework of topological tensor spaces, first results have been
obtained on the existence of a best approximation in each fixed set of tensors
with bounded rank [3]. In particular, this allows to construct, on a theoretical
level, iterative methods for nonlinear convex optimisation problems over re-
flexive tensor Banach spaces [4]. More generally, this is a crucial property for
proving the stability of algorithms using tree-based tensor formats.

The Tucker and the HT formats are completely characterised by a rooted
tree together with a finite sequence of natural numbers associated to each
vertex of the tree, denominated the tree-based rank. Each number in the tree-
based rank is associated with a class of subspaces of fixed dimension. It can
be shown that for a given tree, every element in the tensor space possesses a
unique tree-based rank. In consequence, given a tree, a tensor space is a union
of sets indexed by the tree-based ranks. It allows to consider for a given tree
two kinds of sets in a tensor space: the set of tensors of fixed tree-based rank
and the set of tensors of bounded tree-based rank.

This paper provides new results on the representation of tensors in general
tree-based Tucker formats, in particular on a characterisation of minimal sub-
spaces compatible with a given tree. It also provides a definition of topological
tensor spaces associated with a given tree, and provides new results on the
existence of best approximations from sets of tensors with bounded tree-based
rank.

The paper is organised as follows. In Section 2], we introduce the tree-
based tensors as a generalisation, at algebraic level, of the hierarchical tensor
format. Moreover, we provide a new characterisation of the minimal subspaces
of tree-based tensors extending the previous results obtained in [3], and intro-
duce the definition of tree-based rank. Another main result of this section is
Theorem[I] which provides a characterisation for the representation for the set
of tensors with fixed tree-based rank. In Section [3] we introduce a definition
of topological tensor spaces in tree-based format, with the introduction of a
norm at each vertex of the tree. Finally in Section Bl we prove the existence of
best approximations from sets of tensors with bounded tree-based rank under
some assumptions on the norms that are weaker than the ones introduced in
3.



Tree-based tensor formats 3

2 Algebraic tensors in the tree-based format
2.1 Preliminary definitions and notations

Let D = {1,2,...,d} be a finite index set, and let V; (1 < j < d), be vector
spaces. Concerning the definition of the algebraic tensor space

we refer to Greub [6]. As underlying field we choose R, but the results hold also
for C. The suffix ‘a’ in , ®;-l:1 V; refers to the ‘algebraic’ nature. By definition,
all elements of V are finite linear combinations of elementary tensors v =
®f_10; (v; €Vj).

For vector spaces V; and W; over R, let linear mappings A4; : V; — W;
(1 <j <d) be given. Then the definition of the elementary tensor

d d d
A=QR4;: Vp=a@V; — Wp =, W,
j=1 j=1 j=1
is given by

(Ajv5) - (1)

d d
)

A ®’Uj =
J

1 j

Note that (1) uniquely defines the linear mapping A : Vp — Wp. We recall
that L(V, W) is the space of linear maps from V into W, while V' = L(V|R) is
the algebraic dual of V. For normed spaces, L(V, W) denotes the continuous
linear maps, while V* = L(V,R) is the topological dual of V.

2.2 Minimal subspaces in tensor representations

For a given a € 2P\ {0, D}, we let V,, := o @jca Vi » With the convention
Viy = Vj for all j € D. The algebraic tensor space Vp is identified with
Va®,V4e, where o = D\ «. For atensor v € Vp = V,®, Ve , the minimal
subspace U™ (v) C 'V, of v is defined by the properties that v € UM% (v) ®,
V, and v € U, ®, V,, implies U™"(v) C U,. Here we use the notation
Uf;‘.i}“(v) = U (v), and we adopt the convention Up™(v) = span{v}. We
recall some useful results on minimal subspaces (see Section 2.2 in [3]).

Proposition 1 Let v € V. For any o € 2P\ {0, D}, there exists a unique
minimal subspace UMM (v), where dim U™ (v) < oo. Furthermore, it holds
dim U™ (v) = dim U2 (v).

The relation between minimal subspaces is as follows (see Corollary 2.9 of [3]).
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Proposition 2 Let v € Vp. For any o € 20 with #a > 2 and a non-trivial
partition Pq, of «, it holds

U™ (v) C o Q) UF™(v) .

BEPa

Let Pp be a given non-trivial partition of D. The algebraic tensor space
Vp=. ®?:1 V; is identified with , @ V.. . By definition of the minimal
subspaces UMM (v), a € Pp, we have

vea Q) UM(v).

ac€Pp

a€EPp

For a given a € Pp with #a > 2 and a non-trivial partition P, of a, we also
have

ve |, ®Ug’in(v) Ra | a ® Umin(v)
BEPa dePp\{a}

The following result gives a characterisation of minimal subspaces.

Proposition 3 Let v € Vp and let a be a subset of D with #a > 2 and
Po be a non-trivial partition of a. Assume that Vo and Vg, for B € Py, are
normed spaces. Then for each 8 € Py, it holds

Ué“i“(v) = span (idﬂ ® <p(o‘\ﬂ)) (Vo) : Vo € URIN(v), V8 ¢ ® Vi
Y€P\{B}

Proof First observethat Vp = V,®,Vae = (a ®Be7>a Vi ) ®aVae. From [3]

Theorem 2.17], we have UX"(v) = {(ido ® ¢@))(v) : (@) € V2. } . Since
v € V, ® UM"(v), we can replace Vi. by the larger space UM (v)*, and
obtain

Uzn(v) = {(ida @ £)(v) 0o € Uzn(v)
In a similar way and again from [3, Theorem 2.17], we also prove that for any
B € Py, it holds
Uéﬂin(v) _ (Zdﬁ ® QO(BC))(V) . QO(BC) el ® U;nin(v)* R4 Uariin(V)*
’YEP@\{B}

Take v, € U™"(v). Then there exists ¢(®") € UM»(v)* such that v, =
(ido ® ) (v). Now, for (@\D) € Qe (5} Urin(v)* , we have

(1425 69 (v2) = (i3 569 06 (),
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and hence (idg @ @(@\?)) (v,) € Ug™(v). This proves a first inclusion. Now
for B € Pq, take vg € Ug’in(v), then there exists

Lp(ﬂc) €l ® U,I;lin(v)* ®a Uorféin(v)*
YEP\{B}
such that vg = (idg ® go(ﬁc)) (v). Then ¥ = S, ¢§a\5) ® gbl(ac), where
l(ac) € UMin(v)* and ¢§a\5) € o ® ep.\i5) min(y)* for 1 <1 <r. Thus,

o= iy 067 (0= 3 ity £ 9 & 7))

= i (idﬁ ® qua\ﬁ)) ((ida ® (bz('aC))(V)) .

Observing that (id, ® gbl(ac))(v) € UM% (v), we obtain the other inclusion. 0O

2.3 Algebraic tensor spaces in the tree-based format

Definition 1 A tree Tp is called a dimension partition tree of D if

(a) all vertices o € Tp are non-empty subsets of D,

(b) D is the root of Tp,

(c) every vertex a € Tp with #«a > 2 has at least two sons and the set of sons
of a, denoted S(«), is a non-trivial partition of a,

(d) every vertex o € Tp with #a = 1 has no son and is called a leaf.

The set of leaves is denoted by L£(Tp). A straightforward consequence of
Definition [l is that the set of leaves L£(Tp) coincides with the singletons of
D, ie., L(Tp) = {{j} : j € D} and hence it is the trivial partition of D.
We remark that for a tree Tp such that S(D) # L(Tp), S(D) is a non-trivial
partition of D.

We denote by level(a), a € Tp, the levels of the vertices in Tp, which
are such that level(D) = 0 and for any pair a, 8 € Tp such that 8 € S(«),
level(B) = level(a) + 1. The deptHl of the tree Tp is defined as depth(Tp) =
maxyery, level(a).

Definition 2 For a tensor space Vp and a dimension partition tree T, the
pair (Vp,Tp) is called a representation of the tensor space Vp in tree-based
format, and is associated with the collection of spaces {Va}aer,\D-

Ezample 1 (Tucker format) In Figure[ll D = {1,2,3,4,5,6} and

Here depth(Tp) = 1. This corresponds to the Tucker format.

1 By using the notion of edge, that is, the connection between one vertex to another,
then our definition of depth coincides with the classical definition of height, i.e. the longest
downward path between the root and a leaf.
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{1,2,3,4,5,6}

{1} {2} {3} {4} {5} {6}

Fig. 1 Tuker format: dimension partition tree depth(Tp) = 1 with S(D) = L(Tp).

Ezample 2 In Figure[2 D ={1,2,3,4,5,6} and

Tp ={D,{1,2,3},{4,5}, {1}, {2}, {3}, {4}, {5}, {6}}.
Here depth(Tp) = 2.

{1,2,3,4,5,6}

{1,2,3} {4,5} {6}

/N

{1} {2} {31 {4} {5}

Fig. 2 A dimension partition tree with depth(Tp) = 2.

Let Ny := NU{0} denote the set of non-negative integers. For each v € Vp,
. D
we have that (dim U™ (v))ae2p oy is in Ng# -
Definition 3 For a given partition dimension tree Tp over D, and for each v €

V p, we define its tree-based rank by the tuple rankr,, (v) := (dim U™®(v))per, €
N

Definition 4 We will say that v := (r4)aerp, € N*IP is an admissible tuple
for Tp, if there exists v € Vp such that dim U™ (v) = r, for all « € Tp. We
will denote the set of admissible ranks for the representation (Vp,Tp) of the
tensor space Vp by

.AD(VD,TD) = {(dinglin(V))aeTD IV E VD}

2.4 The set of tensors in tree-based format with fixed or bounded tree-based
rank

Definition 5 Let Tp be a given dimension partition tree and fix some tuple
vt € AD(Vp,Tp). Then the set of tensors of fixed tree-based rank v is defined
by

FT(Vp,Tp) :={v € Vp :dimUY™"(v) =rq foralla € Tp}  (2)

and the set of tensors of tree-based rank bounded by v is defined by
FT<:(Vp,Tp) := {v € Vp : dimUM(v) < r, for all a € T } . (3)
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For v,s5 € N#TD we write s < v if and only if s, < r, for all « € Tp. Then
fo a fixed v € AD(Vp,Tp), we have

FT<(Vp,Tp) := U  F7:(Vp,Tp). (4)

s<t
SEAD(VD,TD)

We point out that in [2] is introduced a representation of Vp in Tucker format.
Letting T5%%" be the Tucker dimension partition tree (see example [T) and
given v € AD(V p, TEu%r) we define the set of tensors with fixed Tucker rank
t by

M(Vp) = FTo(Vp, THH) = {v € Vp : dim U™ (v) = i, k € LITH )}

Then

Vp = U M (Vp).
tEAD(VD 7Tgucker)

2.5 The representation of tensors in tree based format with fixed tree based
rank

Before stating the next result we recall the definition of the ‘matricisation’ (or
‘unfolding’) of a tensor in a finite-dimensional setting.

Definition 6 Let « be a finite set of indices, P, be a non-trivial partition of
a, and r = (r,)ep., € N#Po_ For B € P,, we define a map Mg

Mg : RXuera ™ RTBX(HNEPa\{B}T”)7

3

C(iu)uepa 8:(in) pePar{s}

which is an isomorphism. Given C' € R*#ePa s we have that C' € 0, (RX nEPa T
if and only if rank Mg(C') = rg for each 3 € P, or equivalently Mz(C)Mg(C)T €
GL(R"#) for 8 € P,.

The next result gives us a characterisation of the tensors in F7(Vp,Tb).

Theorem 1 Let Tp be a dimension partition tree over D with depth(Tp) = 0.
Given v € AD(Vp,Tp) then the following statements are equivalent.

(a) ve FT«(Vp,Tb).
(b) Given {ugf) 11 <ix <1y} a fived basis of U™ (v) for k € L(Tp),

_ (D) (@)
V= Z C(ia)aesw) ® u;, (5)

1<iq <ra aeS(D)
aeS(D)
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for a unique CP) € M, (R*ses0)74) and where for each p € Tp \ {D}
such that S(u) # 0, there exists a unique C) € R™n*Xsesw ™8 such that
rank M, (C") = dim U™ (v) = r,., and the set {ul(.f) 01 <, <ru}, with

(n) _ (u) (8)
uiu o Z i,(i8) pes(u) ® u (6)

1<ip<rg BeS(n)
BES (1)

for1 <4, <1y, is a basis of U;Lnin(v).

Proof (b) clearly implies (a). Now consider v € FT(Vp,Tp). Since v €
®aes(D) UmMin(v), there exists a unique C'P) € RXses>) ™8 guch that

V= Z gf:))aesw) ® u ’

1<ign<rq a€eS(D
aeS(D)

where {uz(-j) 11 < iy <1y} is a fixed basis of URR(v) for a € S(D). Since
rank M, (CP)) = dim U™"(v) = r, for each a € S(D), we have that C(P) €
O, (R™ses)72) Now, for each p € Tp \ {D} such that S(u) # 0, thanks to
Proposition 2] we have

Umln ® mm

BES(H)

Consider {u(“) 1 <i, <r,} abasis of UM (v) and {u(’ﬁ) 1<ig<rg}a
basis of Umm( ) for g € S(p) and 1 < ¢, < r,. Then, there exists a unique

c g R *(Xses@T8) such that

(0) _ (M) (8)
ui# o Z Zw(zﬂ)ﬂes(u) ® u”’

1<ig<rg BeS(n)
BeS(n)

for 1 <4, <r,. Since {uz(-’:) :1 <4, <r,}is a basis, then
rank M, (CW) = dim UF™(v) = 7,,, (7)

holds for each p € Tp \ {D} such that S(p) # 0. Then (c) holds. O

3 Topological tensor spaces in the tree-based format

First, we recall the definition of tensor Banach spaces.
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Definition 7 We say that V| is a Banach tensor space if there exists an
algebraic tensor space V and a norm ||-|| on V such that V. is the completion
of V with respect to the norm ||-||, i.e.

d ]
d

V=11 QV; = a®j:1‘/j

j=1

If V). is a Hilbert space, we say that V. is a Hilbert tensor space.
Next, we give some examples of Banach and Hilbert tensor spaces.

Ezample 3 For I; CR (1 < j <d)and1 < p < oo, the Sobolev space H?(I;)
consists of all univariate functions f from LP(I;) with bounded nor

N 1/p
T (Z / |a”f|”dx) |
n=0""J

whereas the space HN’p(I) of d-variate functionson I = I; x [ x ... x I; C R?
is endowed with the norm

= (X [lonsrax)”

0<|n|<N

with n € N¢ being a multi-index of length |n| := Z?Zl n;. For p > 1 it is
well known that H™P(I;) and HY-?(I) are reflexive and separable Banach
spaces. Moreover, for p = 2, the Sobolev spaces HY(I;) := HN:2(I;) and
HN(I) := HN2(I) are Hilbert spaces. As a first example,

d
HNP(1) = 1y Q) HY P (1))
j=1

is a Banach tensor space. Examples of Hilbert tensor spaces are
d d
LQ(I): ||‘||0’2®L2(Ij) and HN(I): H'HN,2®HN(Ij) for N € N.
j=1 j=1

In the definition of a tensor Banach space || @;cp V; we have not fixed
whether the V}, for j € D, are complete or not. This leads us to introduce the
following definition.

Definition 8 Let D be a finite index set and Tp be a dimension partition tree
over D. Let (Vj,| - ||;) be a normed space such that Vi, is a Banach space
obtained by the completion of Vj, for j € D, and consider a representation

{Vataerp\(py of the tensor space Vp = o ®,cp Vj where for each v € Tp \

2 Tt suffices to have in (§) the terms n = 0 and n = N. The derivatives are to be understood
as weak derivatives.
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L(Tp) we have a tensor space Vo = o @ geg(a) Vi - If for each a € Tp\L(Tp)
there exists a norm | - [|o defined on Vi such that Vo | = 1. @pes(a) V8
is a tensor Banach space, we say that {VaH o }aGTD\{D} is a representation of
the tensor Banach space VDHAHD = V; in the topological tree-based
format.

For a € Tp \ L(Tp),

Vo =11 @V = 1. Q) Vs

JE« BeS(a)

Ip Qjep

Example 4 Figure [3 gives an example of a representation in the topological
tree-based format for an anisotropic Sobolev space.

LP(I1) ®q HNP(I2) Qa HN,p(IS)H'Illzs

PN

(1) HVo(D) en HV0 (1) 12

N\

HN,p(IQ) HN’p(Ig)

Fig. 3 A representation in the topological tree-based format for the tensor Banach space

Lr(I1) ®q HN:P(I2) Qa HN’P(Ig)“'”us. Here || - |23 and || - ||123 are given norms.

Remark 1 Observe that the example in Figure @ is not included in the defini-
tion of the topological tree-based format. Moreover, for a tensor v € L?([;) ®,
(HN’p(Ig) ®||||23 HN’p(Ig)), we have Umm(V) - HN’p(IQ) ®HH23 HN’p(I3).
However, in the topological tree-based representation of Figure 3] for a given
v € LP(I1)®, HNP(I3) ®, HYP(I3) we have U™ (v) C HVP(I)®, HYP(I3),
and hence U™ (v) C Uit (v) ®, URin(v).

The difference between the tensor spaces involved in Figure Bl and Figure
Mis given by the fact that since

[I]l23

HNP (1) @, HN?P(I3) ¢ HNP(Iy) @, HN-»(I3)

then

1|23

TP(1h) 0 HV0 (D) ©g HN2(I5) "  Lo(11) 00 HN(Io) 00 HNP(I3)

A desirable property for the tensor product is that if || - ||, for each « €
Tp \ L(Tp) is a norm on the tensor space o @ seg(a) V., » then

e & Vo, =10 @ Vo= 11.QV 9)

peS(a) BeS(a) JjE«
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——"ll123
[RIPE

LP(I1) ®a HNP(I2) ®@q HNP(I3)'

PN

Lo(1y) HN#(ly) ®a HNP(15)"

N\

HN’P(IQ) HN’P(Ig)

l23

Fig. 4 A representation for the tensor Banach space
IIll123
, using a tree. Here || - |23 and || - ||123

[I-ll23

Lr(I1) ®q HN:P(I2) ®q HN:P(I3)
are given norms.

must be true. To precise these ideas, we introduce the following definitions
and results.
Let HHJ, 1 < j < d, be the norms of the vector spaces V; appearing in

Vp=., ®?:1 Vj . By |||l , we denote the norm on the tensor space Vp. Note
that [|-[| 5 is not determined by [-||;, for j € D, but there are relations which

are ‘reasonable’. Any norm ||-|| on 4 ®;l:1 V; satistying

®:
vs
H j=1 "7

is called a crossnorm. As usual, the dual norm of ||-|| is denoted by ||-||*. If ||-||

d
] - szl lo;ll,  forallv;eV; 1<j<d)  (10)

is a crossnorm and also ||-||* is a crossnorm on Q- Vi e,

d NTE d , .
@ = @)* (@) * ;
H@Flw H =] |j:1 @)z forall? e Vr (1<j<d), (11)
then ||| is called a reasonable crossnorm.

Remark 2 Eq. (I0) implies the inequality | ®;l:1 vl S H;l:l [lv;]l; which
is equivalent to the continuity of the multilinear tensor product mappin
between normed spaces:

d d
®: X (vilH,) = (<@ ) 12

defined by & ((v1,...,v4)) = ®;l:1 vj, the product space being equipped
with the product topology induced by the maximum norm ||(v1,...,vq)| =
maxi<j<d [|v;];-

d
3 Recall that a multilinear map 7' from Xi=1(Vj, |l - 1l;) equipped with the product
topology to a normed space (W, || -||) is continuous if and only if ||T|| < oo, with
7 (v1
ITl=  swp [Tl = sp Tl = sup !

(W15ee0a) (w1,evq) N1l

(v1,---,v4)
[(v1,.-vg) 1< o111 <1, lvglla <1

- va)l
- valla
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The following result is a consequence of Lemma 4.34 of [9].

Lemma 1 Let (V;,| - ||;) be normed spaces for 1 < j < d. Assume that || - ||

is a norm on the tensor space 4 ®?:1 V; such that the tensor product map

0115

®: >< (Vi IH1,) — (@v 141) (13)

is continuous. Then ([I2)) is also continuous and

d d
1 Vi, = 1@V
j=1 j=1

holds.

Definition 9 Assume that for each o € Tp \ L(Tp) there exists a norm || - ||
defined on ®§€S(a) VBMB . We will say that the tensor product map @) is
Tp-continuous if the map

>< (VﬁH.Hﬁan ||ﬁ ® VﬁH Hp}’ : a

BES(a) BES(a)
is continuous for each a € Tp \ L(Tp).
The next result gives the conditions to have ().

Theorem 2 Assume that we have a representation {Va, ., tactp\{D} 0 the
topological tree-based format of the tensor Banach space VDHD = |llp ®aeS(D) Vo,

such that for each o € Tp\L(Tp), the norm ||-[|a is also defined on o @ geg(a) Vi,
and the tensor product map @ is Tp-continuous. Then

e @ Vo, =i @ Vo= 11. Qi

BeS(a) BeS(a) JjEa
holds for all o € Tp \ L(Tp).

Proof From Lemma [I], if the tensor product map

>< (Vﬂu‘uB’H ’ Hﬂ) ® VBH g o 11" ‘Oz)

BES(a) ﬁeS a)

is continuous, then

e @ Vi, =10, & Vs,

BeS(a) BeS ()

holds. Since V, = , ®ﬁeS(a) Vg =, ®j€a V; , the theorem follows. O
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Ezxample 5 Assume that the tensor product maps

Q) : (LP(1), [0 per ) ¥ (HNP (1)@ 0 HNP(I3), ||-[|23) = (L (1) @a(HNP(12)® 10 HY P (I3)), |-l 125)
and

Q)+ (HNP(L), ||| i) X (HNP (I, ||| ,pizy) = (HNP (1)@ HY P (I), ||| 23)

are continuous. Then the trees of Figure Bl and Figure [4] are the same.

4 On the best approximation in F7 <.(Vp)

Now we discuss about the best approximation problem in F7 <.(V p). For this,
we need a stronger condition than the Tp-continuity of the tensor product.
Grothendieck [7] named the norm ||-||,, introduced below the injective norm.

Definition 10 Let V; be a Banach space with norm |||, for 1 <1 < d. Then
forveV = a®;l:1 Vj define the norm [[-[|,,y; ), called the injective
norm, by

(P1® P2 ® ... R ¢q) (V)|
d N
Hj:l ||‘Pj||j

O#QDJGVJ*alg.]Sd}

(14)

HVHv(Vl,...,Vd) ‘= sup {

It is well known that the injective norm is a reasonable crossnorm (see
Lemma 1.6 in [12] and (I0)-(I)). Further properties are given by the next
proposition (see Lemma 4.96 and 4.2.4 in [9]).

Proposition 4 Let V; be a Banach space with norm |-||, for 1 <i < d, and
|| -1 be @ norm on V := , ®?:1 V; . The following statements hold.

(a) For each 1 < j < d introduce the tensor Banach space

XJ = H'Hv(v1 ,,,,, Vi1, Vil Vy) ®Vk :
k#j
Then
1 vvaevay = [ vy x,) (15)

holds for 1 < j <d.
(b) The injective norm is the weakest reasonable crossnorm on V, i.e., if |||
is a reasonable crossnorm on 'V, then

NI N (16)

(¢) For any norm ||-| on V satisfying |-l v, v,y < Il the map (I2) is

continuous, and hence Fréchet differentiable.
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In Corollary 4.4 in [3] the following result, which is re-stated here using the
notations of the present paper, is proved as a consequence of a similar result
showed for tensors in Tucker format with bounded rank.

Theorem 3 Let Vp = a®jeD Vi and let {Va; Iy 2<j<djuU {VjH_Hj :
1 <j <d} ford> 3, be a representation of a reflexive Banach tensor space

VDHD = |l'lp ®j€D V; , in topological tree-based format such that

(@) | -1lp 2| HV(VIH»HJ-""’Vdu»ud)’

(b)) Vo, =Va—1 ®q Va, and Vo, = Vj_1 ®q Va,,,, for2<j<d—1, and
() | llay =1 lvev, Vi) Jor2 <j<d.

Then for each v € Vb, there exists Wpest € FT<:(Vp) such that

||V*ubestHD = min ||V*11||D.
ueFT<.(Vp)

It seems clear that tensor Banach spaces as we show in Example [ are
not included in this framework. So a natural question is to ask if for a rep-
resentation in the topological tree-based format of a reflexive Banach space
the statement of Theorem [ is also true. To prove this, we will reformulate
some of the results given in [3]. In the aforementioned paper, the milestone to
prove the existence of a best approximation is the extension of the definition
of minimal subspaces for tensors v € V Diip \ Vp. To do this the authors use
a result similar to the following lemma (see Lemma 3.8 in [3]).

Lemma 2 Let Vj I be a Banach space for j € D, where D is a finite index

set, and aq, ..., am C 2P\ {D,0}, be such that o; Na; =0 for all i # j and
D= UZ 105 Assume that if #o; > 2 for some 1 < i < 'm, then V e, 1S

a tensor Banach space. Consider the tensor space

m
Vp = “®V%‘ I-lleg
i=1
endowed with the injective norm | - lvv., sV o ) Fiz1 <k <
m, then gwen @i, a®#k o ol the map ida, ® Ppa,) belongs to

O B — M1
L (VD,V% “}“ak) Moreover, id,, ® <p[ak] € L(Vp

norm satisfying

»Va u»uak) for any

R R -

xm “‘“am)

Let {Va,.,. YaeTpo\{p} De a representation of the Banach tensor space
Vo, = I ®jep Vi, in the topological tree-based format and assume
that the tensor product map @ is Tp-continuous. From Theorem [2, we may
assume that we have a tensor Banach space

Vaya = I ® £ g
BeS(a)
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for each € Tp \ L(Tp), and a Banach space Vi, for j € L(Tp). Let
a € Tp\ L(Tp). To simplify the notation we write for A, B C S(«)

| - Hv(A) = HV({V(;“‘“&:SGA})a
and
I Iveavemy = I Iveevs, | 5y X
where
B = |llvsy ®Vﬂu-ug :
BeB

From Proposition Ml(a), we can write

I vy = - ves,viseney
for each 8 € S(«). From now on, we assume that
I lla 2 I - [lv($(a)) for each a € Tp \ L(TDp), (17)

holds. Recall that Proposition [d{c) implies that the tensor product map ) is
T'p-continuous. Since || - |la 2 [| - [lv(8,v(s(a)\8)) holds for each 3 € S(a), the
tensor product map

® : (VBH«HB’ - llg) > I-llv(scans ® Vi A ves@ne | = (Vaggao - lla)
deS(a)\{B}

is also continuous for each 8 € S(«). Moreover, by Theorem [2

Vo, = . @ Va, 1y = Il QR Vs =11.QV;

peS(a) BeS(a) JjE«
holds for each oo € Tp \ L(Tp). Observe, that Vi, € Vi forallae S(D).
Take Vp = o @jepVj- Since |- Ip 2 || - [lv(sp)), from Lemma B and

Proposition [3] we can extend for v € VDMD \VD, the definition of minimal
subspace for each o € S(D) as

UR™(v) i= S (ida ® @) (V) i ¢l € @ ® Vi
peS(D)\{a}
Observe that (ida ® ¢(a)) € L(VD s Vay,. ). Recall that if v € Vp and
a ¢ L(Tp), from Prop081t1on Bl we have UM®(v) C a Rpes(a) Ugn(v) c
a ®ﬂes(a) V3 . Moreover, by Proposition 3] for 5 € S(«) we have

Umln( ) = span (Zdﬁ ® @[5])("&) Ve € U;nin(v) and P18 € a ® V;
6€S5(a)\{B8}

= span { (ids ® p(g)) © (ida ®@ P1)(V) 1 Pla) € a ® V), and @z € 4 ® V3
pneS(D)\{a} seS(a)\{B}
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Thus, (ida ® @(a)) (V) € UF™(v) C Vo C Vg, and hence
(Zdﬁ ® cp[ﬂ]) © (ida ® <Aa[ac])(v) € U[Ifnin(v) - Vﬁ C Vﬁ\l-\lg’

when #4 > 2. However, if v € Vp |\ Vp then (ida ® ¢[q))(V) € Umin(v) c
Vo Since || fla Z | - llv(s() also by Lemma 2] we have ids ® ¢4 €
E(Va“}“a,Vﬂ“}“B). In consequence, a natural extension of the definition of

minimal subspace Ug’i“(v), forve Vp -\ Vp, is given by

UF™(v) := span < (ids ® ) 0 (ida @ 1)) (V) i P €0 Q) Vi andgpea @ Vi
neS(D)\{a} seS(a)\{B}

To simplify the notation, we can write

(ids ® @ip,a) (V) = (idg @ p(g)) © (ida ® @[q))(V)

where @(5.4) 1= Pla) @ Plg) € (“®u€S(D)\{a} VZ) Ba (“®5€S(a)\{ﬁ} V§)
and (ids @ p5.41) € L(VD > Vﬁu-ug ). Proceeding inductively, from the root

to the leaves, we define the minimal subspace Uj’-nin(v) for each j € L(Tp)
such that there exists n € Tp \ {D} with j € S(n) as

U-;nin(v) ‘= span {(Zdj Y (p[j,n,...,ﬁ,a])(v) : <Aa[j,n,.,.,ﬂ,az] € W]} )

W, =1, ® V; Ral a ® Vg Ra - Qal @ ® Vk*

neS(D)\{a} seS(e)\{8} keSm\{s}

With this extension the following result can be shown (see Lemma 3.13 in [3]).

Lemma 3 Let {Va,  }aerp\(D} be a representation of the Banach tensor
space VDHD = o Qjep Vi - in the topological tree-based format and assume
that (I7) holds. Let {vy}n>0 C Vp , with v, = v, and p € Tp \ ({D} U
L(Tp)). Then for each v € S(u) we have

(Zd’)’ ® (10[7,#,~~~,ﬁ,a])(vn) - (Zd’)’ ® ('p['y”u,n-,ﬁ,a])(v) in V’YHAH,Ya

for all @iy ... p.0] € (“®u€S(D)\{a} V?i) ®a (a sesanis VE) Ba - Ba
(+ ®nesionin Vi ) -

Then in a similar way as Theorem 3.15 in [3] the following theorem can be
shown.
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Theorem 4 Let {VQMQ }aETD\{D} be a representation of the Banach tensor
space VDMD = I-lp Qjep V; , in the topological tree-based format and assume
that (IT) holds. Let {vn}n>0 C Vp, — with v, — v, then

oyl

dim Umin(v)" " = dim U™ (v) < liminf dim U™"(v,,),

n—oo

for alla € Tp \ {D}.
Now, following the proof of Theorem 4.1 in [3] we obtain the final theorem.

Theorem 5 Let Vp = a®j€D Vi and let {Va,., tacTp\{D} be a represen-
tation of a reflexive Banach tensor space VDHD = |0 Qjep Vi in the topo-
logical tree-based format and assume that (IT7) holds. Then the set FT <(Vp)
is weakly closed in VDHD and hence for each v € VDHD there exists Upest €
FT<(Vp) such that

||V*ubestHD: ||V*11||D.

min
uE]:TS‘— (VD)
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