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Approximation from limited information

Consider the approximation of functions f : X — R from a set K C X using n information
0(F), ..., La(F)

that can be deterministic or random.

When £; : X — R are linear (or affine) maps, we talk about linear (or affine) information.
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Type of information

A particular type of linear information is point evaluations (aka standard information)
Li(f) = f(xi)

Another type of linear information is

0(F) = /X Gi(x)F(x)du(x)
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Type of information

A particular type of linear information is point evaluations (aka standard information)
ti(f) = f(xi)

Another type of linear information is

6r) = [ 600rtdu()
x
If f is known to satisfy an equation
B(f)=b

with given right-hand side b € Z' € RY and operator B : X — Z’, we can have access to
the information

ti(f) = B(F)(xi), or 4i(f) = (¥, B(f))

for some function v; € Z. For linear (resp. nonlinear) operator B, this corresponds to
linear (resp. nonlinear) information. This is the framework of Galerkin or variational
methods for PDEs, Physics-informed machine learning (Deep-Galerkin, Deep-Ritz, PINN,

).
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Type of information

We distinguish two different settings
@ information is given (passive learning)

@ information can be freely generated (active learning), a typical setting in
computer/physical experiments, numerical analysis of PDEs, or scientific machine
learning.
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Algorithm

Given information ¢(f) = (¢1(f), ..., ¢s(f)), an algorithm returns an approximation

A(£(f))

in a subset of X, where the map A is related to the choice of a restricted model class (or
approximation tool).

A linear algorithm, with A also a linear map, corresponds to linear approximation:

n

A((F)) =Y ailt(F))pi

i=1

where the a; are linear maps and span{1,...,®n} is the range of A.
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Restricted model classes

The approximation problem from limited information is an ill-posed problem unless some
additional information on the function class K is taken into account.

It could be a low-dimensional manifold V,, (model class) that is known to approximate
well the set K, or a sequence of models with increasing complexity (Vin)m>1
(approximation tool) that is known to approximate the manifold with a good rate of
convergence.
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Restricted model classes

The approximation problem from limited information is an ill-posed problem unless some
additional information on the function class K is taken into account.

It could be a low-dimensional manifold V,, (model class) that is known to approximate
well the set K, or a sequence of models with increasing complexity (Vin)m>1
(approximation tool) that is known to approximate the manifold with a good rate of
convergence.

@ For K a ball of Sobolev or Besov spaces: splines (with fixed or adaptive mesh) or
wavelets (with or without sparsity)

For K a set of analytic functions: polynomial spaces
For K a set of analytic functions with singularities: rational polynomials, h-p splines

For a larger class of sets K: neural networks or tensor networks

For more general manifolds K, Vi, can be obtained by manifold approximation (or
dimension reduction) methods
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Approximation in a given model class

For a given model class V;, and given information z = ¢(f), an approximation
fm = A(z) € Vin may be defined by

Ufn) = z. (1)

If for any z there exists a unique element f;, in V,, satisfying (1), we say that £ is
unisolvent for V,,. When information are point evaluations, this corresponds to
interpolation. When information are linear functionals of an equation’s residual, this
corresponds to (Petrov-)Galerkin projection.
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Approximation in a given model class

For a given model class V;, and given information z = ¢(f), an approximation
fm = A(z) € Vin may be defined by

(fm) = z.

If for any z there exists a unique element f;, in V,, satisfying (1), we say that £ is
unisolvent for V,,. When information are point evaluations, this corresponds to
interpolation. When information are linear functionals of an equation’s residual, this
corresponds to (Petrov-)Galerkin projection.

More generally, f,, = A(z) can be defined as a solution of
(min d(£(fm), 2),

and in particular
n

. . . _ '2
e, 2 i) = =)

i—
When information are point evaluations, this corresponds to (weighted) least-squares
approximation. When information are linear functionals of an equation’s residual, this
corresponds to (Petrov-)Galerkin projection.

(1)
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Adaptivity, model selection

When the information is given (passive learning), the complexity of the model class Vi, is
limited. Adaptive strategies play with a collection of model classes (Vi)m>1 and require
model selection techniques to take the best from the available information.
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Adaptivity, model selection

When the information is given (passive learning), the complexity of the model class Vi, is
limited. Adaptive strategies play with a collection of model classes (Vi)m>1 and require
model selection techniques to take the best from the available information.

When the information can be generated (active learning), a fundamental question is how
to generate a good information for a given model class V,,. Adaptive strategies play with
a collection of model classes (Vin)m>1 and generate information adaptively. A question is
then to recycle information in order to obtain a near-optimal performance in terms of
complexity.
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Outline

© Manifold approximation
© Linear approximation from point evaluations

© Tensor networks approximation with point evaluations
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Manifold approximation

Assume we want to approximate (or recover) functions from a general manifold K in a
vector space X. If K can be sampled, a suitable low-dimensional model class V,, (or
sequence of model classes) can be obtained by manifold approximation (or dimension
reduction) methods using samples from K.
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Manifold approximation

Assume we want to approximate (or recover) functions from a general manifold K in a

vector space X. If K can be sampled, a suitable low-dimensional model class V,, (or
sequence of model classes) can be obtained by manifold approximation (or dimension
reduction) methods using samples from K.

Typical model classes Vi, include
o Low-dimensional linear/affine spaces

Vi ={g(a) : a € R™}, with g:R"™ — X linear/affine
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Manifold approximation

@ Union of low-dimensional linear spaces

v,,,:UWk
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Manifold approximation

o Manifold Vi, = {g(a) : a € R™} with continuous parametrization map g : R™ — X.
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Manifold approximation

A typical setting is when K is the set of trajectories of a random process or more
generally the range of some function-valued random variable. A possible dimension
reduction method is principal component analysis (for linear approximation).

Another setting is the solution of forward or inverse problems of parameter-dependent
equations where K = {u(y) : y € Y} is the manifold of solutions. Manifold
approximation is called model order reduction (reduced basis, POD, ...).
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Principal component analysis (for linear approximation)

Let Y be equipped with a probability measure i and X a Hilbert space, and
K ={u(y) : y € Y} with u a map in the Bochner space L*(Y; X).

The optimal performance of a linear approximation of K is measured in mean-squared
error by

2 (K)x = inf / E(uly): Vel2du(y) = inf  Eyou(lu(y) — Pupu(y)IZ)

dim(Vi)=m dim(Vpy)=m
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i>1 i=1
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and the error is
Ey~n(luy) = Pv,u(y) HX Z)‘

i>m

where (\;)i>1 is the decreasing sequence of eigenvalues of T. This is related to singular
value decomposition (or Karhunen-Loeve decomposition) of u € L*(Y) ® X,

U(y) = Z\/)Tiﬂoiai(yL PV u }/) Z\/»SO/ar(y

i>1 i=1

PCA even provides a hierarchical sequence of model classes (Vin)m>1.
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Principal component analysis (for linear approximation)

An estimation of V), is given by empirical PCA which consists in solving

min ZH u(yi) PVmU(yi)”i

dim(Vpyp)=m n

where the y; are samples in Y and the u(y;) are the corresponding samples in K.
The solution is the dominant eigenspace of the operator

Toives =3 uln) (u(). vx.

For an analysis of empirical PCA, see e.g. [3, 4].
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Principal component analysis (for linear approximation)

Assuming X is finite dimensional with orthonormal basis (e/)1<i<n, u(y) = S, ai(y)er,
and a basis of V,, is given by the dominant eigenvectors of the matrix

> al)atn)”

This is equivalent to obtain the dominant left singular vectors of the matrix

A= (a(y1),...a(yn)) € RV*"

Optimal sampling strategy have been proposed for singular value decomposition of
matrices. This requires an estimation of dominant right singular vectors.
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Greedy algorithms (for linear approximation)

Given a set K from a Banach space X, the optimal performance of linear approximation
in worst case error is measured through the Kolmogorov width

dn(K)x = B \r/1f) 522 E(u, V) with E(u, Vm)x = Vien\ﬁm [lu—vl]x

i
im(Vm)=m
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Greedy algorithms (for linear approximation)

Given a set K from a Banach space X, the optimal performance of linear approximation
in worst case error is measured through the Kolmogorov width

dn(K)x = B \r/1f) 522 E(u, V) with E(u, Vm)x = Vien\ﬁm [lu—vl]x

i
im(Vm)=m

Greedy algorithms can be used to the construction of a hierarchical sequence of spaces
(Vim)m>1 using samples (snapshots) from K. Spaces are defined by
Vim = span{us, ..., un} where (u;)i>1 is a sequence from K selected greedily.

Given Vi, Umy1 is the element which provides the highest error of approximation by Vi,

E(umi1, Vim)x = max E(u, Vm)x
ue

Y ) \/
m
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Greedy algorithms (for linear approximation)

When K = {u(y) : ¥ € Y}, Um+1 = u(ym+1) where the parameter value ym1 is such that

Ym+1 € argmax E(u(y), Vim)x
yey
In practice, for a computationally feasible algorithm, E(u(y), Vim)x is replaced by some

error estimate A(u(y), Vi), and the maximum is taken over a finite training set in Y
(possibly random [Cohen et al 2020]).
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error estimate A(u(y), Vi), and the maximum is taken over a finite training set in Y
(possibly random [Cohen et al 2020]).

A typical setting is when K = {u(y) : y € Y} C X is the solution of some parameter
dependent equation

R(u(y)iy) =0
Here A(u(y), Vm) is typically defined as some residual norm
A(u(y), Vin) = [[R(um(y); y)ll

with um(y) a Galerkin projection of u(y) onto V.
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When K = {u(y) : ¥ € Y}, Um+1 = u(ym+1) where the parameter value ym1 is such that

Ym+1 € argmax E(u(y), Vim)x
Yey

In practice, for a computationally feasible algorithm, E(u(y), Vim)x is replaced by some
error estimate A(u(y), Vi), and the maximum is taken over a finite training set in Y
(possibly random [Cohen et al 2020]).

A typical setting is when K = {u(y) : y € Y} C X is the solution of some parameter
dependent equation

R(u(y)iy) =0
Here A(u(y), Vm) is typically defined as some residual norm
Au(y); Vim) = [[R(um(y): )l
with um(y) a Galerkin projection of u(y) onto V.

Randomized linear algebra can be used for an efficient and stable estimation of residual
norms [Balabanov and Nouy 2021a], and for the construction of preconditioners
[Balabanov and Nouy 2021b].
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Greedy algorithms (for linear approximation)

This yield a suboptimal selection of upy1 satisfying

E(umia, Vin)x > ymax E(u, Vr)x, 7 < 1.
ue

This algorithm therefore generates a suboptimal sequence of spaces yielding a worst case
error

om(K)x := sup E(u, Vm)x > dm(K)x
ueK
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Greedy algorithms (for linear approximation)

This yield a suboptimal selection of upy1 satisfying

E(umia, Vin)x > ymax E(u, Vr)x, 7 < 1.
ue

This algorithm therefore generates a suboptimal sequence of spaces yielding a worst case
error

om(K)x := sup E(u, Vm)x > dm(K)x

ueK

Assuming v > 1 is independent of m, the algorithm is a weak greedy algorithm for which
results have been obtained in [DeVore et al 2013].

For X a Hilbert space, it holds

0 g2m(K)x < V2y 7 /dn(K)x
o If dm(K)X < Com™ then O'm(K)x < Cm™“
o If du(K)x < Coe @™ then om(K)x < Cre~ ™

For X a Banach space, similar but slightly worse results hold.
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Multi-space approximation

h or h-p reduced basis methods [Eftang et al 2010] are multi-space approximation
methods that consist is partitioning the manifold K (or corresponding parameter set Y')
into subsets Ki, and approximating each subset by a linear space W of fixed dimension
(h method) or variable dimension (h-p method).

These methods requires a partitioning (or clustering) strategy.
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Dictionary-based multi-space approximation

Multiple spaces can be extracted from a dictionary D = {u1,...,un} of samples from K.
By considering subspaces with dimension less than m, this yields the model class

Vim = V(D) = U Wo (D), Wu(D) = span{uay,---,Uan}

This is equivalent to m-term approximation

N
Vn = {g(a) := Z aiui-ae R, ||afo < m}.
i=1
The dictionary (samples) can be taken arbitrarily or generated with a greedy procedure
proposed in [Balabanov and Nouy 2021a], using randomized linear algebra for handling

large dictionaries.
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Nonlinear manifold approximation

Several approaches exist for the approximation of a set K by a parametrized nonlinear
manifold of the form

Vmn={g(a):a€eR"}, g:R" = X.

23/94



Nonlinear manifold approximation

Several approaches exist for the approximation of a set K by a parametrized nonlinear
manifold of the form

Vimn={g(a): aeR"}, g:R" = X.

Neural networks are popular tools for this task.
For X = R", a neural network representation can be used for g : R™ — RV.
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Nonlinear manifold approximation

Learning a map g from samples from K can be done (offline) by learning a compositional
function (or autoencoder) g o h, where both functions h : RY — R™ (the encoder) and
g : R™ — R (the decoder) can be represented by neural networks.
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Nonlinear manifold approximation

Given samples {u1,...,un} C K, h and g can be obtained by minimizing
D llui — g o h(u)ll )
i=1
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Nonlinear manifold approximation

Given samples {u1,...,un} C K, h and g can be obtained by minimizing
D llui — g o h(u)ll )
i=1

This methodology is not restricted to the use of neural networks for h and g.

For h, one can use a linear map (a matrix of size N x m), so that g o h corresponds to a
ridge approximation.

Note that if h and g are restricted to be linear maps (or matrices of size N x m and
m x N respectively), it boils down to linear approximation learned by PCA.
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Nonlinear manifold approximation

Given samples {u1,...,un} C K, h and g can be obtained by minimizing
D llui — g o h(u)ll )
i=1

This methodology is not restricted to the use of neural networks for h and g.

For h, one can use a linear map (a matrix of size N x m), so that g o h corresponds to a
ridge approximation.

Note that if h and g are restricted to be linear maps (or matrices of size N x m and
m x N respectively), it boils down to linear approximation learned by PCA.

A two-step strategy can be used, by first learning a composition of linear maps g o h by
PCA, or another algorithm for linear approximation, and then learning g o h with a fixed
h by solving (2).
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Nonlinear manifold approximation

If we know that K = {u(y) : y € Y} the image through a map v of a low-dimensional
space Y, we can learn the map g from samples in Y by learning a compositional function

goh

where h: Y — R". Given samples y1,...,ya in Y, this can be done by minimizing

> llu(yi) — g o h(yi)llx

i=1

goh(y)
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Nonlinear manifold approximation

If K in an infinite dimensional space X, a discretization is required.

A discretization can be represented by some encoder-decoder pair (E, R) with
E:X = R"and D:R" — X (e.g. E could provide the values E(u) of a function at the

nodes of a mesh, and D(E(u)) a spline interpolation), and the functions g and h can be
learned by solving

DogohoE(u))llx

u s E(u) g o h(E(u)) % D(g(h(E(u))))

The map Do go ho E is called an Operator Network that aims at approximating the
identity map from K to X.
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Nonlinear manifold approximation

For K a set of functions defined on a domain X, with values in R, an alternative is to
consider
Vo = {g(-1) : x = g(x,2) : 2 € R"}

with g : X x R™ — R in some high-dimensional approximation format (e.g. neural or
tensor networks).

Function g can be learned (offline) from samples in K by solving
fpignz llur = g(-, h(E(u)) I
=1

where E : K — R" is some fixed discretization map (encoder) and h: RY — R™. Here,
no explicit decoder is used.
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© Manifold approximation
© Linear approximation from point evaluations

© Tensor networks approximation with point evaluations
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Linear approximation from point evaluations

We consider the approximation of functions from a set
K c X cRY

using point evaluations (standard information) and linear algorithms (linear
approximation).

The best we can expect for the linear approximation of functions from a set K is
rand

characterized by sampling numbers p,(K)x (for deterministic setting) or p;"*(K)x (for
randomized setting) (see Part 1).

We assume that we are given a m-dimensional linear space V), that is supposed to
approximate well the set K.

The question is how to generate good points in X' that allow to obtain an approximation
in Vi, with an error close to the best approximation error.
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Interpolation

For a set of points x = (x1,...,xm) unisolvent for Vi, we let Zy, : X — Vj, be the
corresponding interpolation (linear) operator.

We have
If = Zv. fllix < A+ [ Zv, 1) inf [If = viix

For (X, || - |loo) the set of functions with bounded norm ||f||eo 1= sup,cx [F(X)], [|Zv,| is
the Lebesgue constant, with

Zv, || = sup Li(x
Il = sup 3 1)

where Ly, ..., Ly is the basis of V,, satisfying the interpolation property (Li(x;) = d;; for
all i,J).

31/94



Interpolation

For a set of points x = (x1,...,xm) unisolvent for Vi, we let Zy, : X — Vj, be the
corresponding interpolation (linear) operator.

We have
If = Zv. fllix < A+ [ Zv, 1) inf [If = viix

For (X, || - |loo) the set of functions with bounded norm ||f||eo 1= sup,cx [F(X)], [|Zv,| is
the Lebesgue constant, with

I Zv,, Il = sup > |Li(x)]
where Ly, ..., Ly is the basis of V,, satisfying the interpolation property (Li(x;) = d;; for
all i,J).

For univariate functions and classical spaces V,, (polynomials, splines), the theory is well
established and suitable choices of points are available.

Except in very specific cases (e.g. piecewise constant or linear approximation), || Zv, ||
grows with m. The question is to find good points such that ||Zy,, || grows not too fast
with m.
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Empirical interpolation

Given a space V), with basis 1, ...,¢m, a general greedy algorithm has been proposed in
[Maday et al 2009] to construct interpolation points, called magic points.

The idea is to construct a good sequence of spaces Wi = span{t1, ..., 1} for the
approximation of the discrete set {¢; : 1 < i< m}in (X,| - |l~), and associated
interpolation points.
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Empirical interpolation

Given a space V), with basis 1, ...,¢m, a general greedy algorithm has been proposed in
[Maday et al 2009] to construct interpolation points, called magic points.

The idea is to construct a good sequence of spaces Wi = span{t1, ..., 1} for the
approximation of the discrete set {¢; : 1 < i< m}in (X,| - |l~), and associated
interpolation points.

Starting from Vo = {0}, we define

ik € arg max lloi = Zw, 1 pillos, ¥k = Pic = Iwi_1 P

where Zy,_, is the interpolation onto Wi _; using points (xi,...xk—1), and define

X € arg max | (x)]-
X
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Empirical interpolation
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Figure: Polynomial space Vp, = Pg on [—1,1].
point x; = arg maxy |1x(x)]
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Empirical interpolation

.
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(d) k=10

Figure: Polynomial space Vi, = Pg on [—1,1]. Function |1«(x)| and corresponding interpolation
point x; = arg maxy |1x(x)]
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Empirical interpolation

In the context of adaptive approximation in a sequence of spaces V4 C ... C Vi, C ..
and in order to recycle interpolation points, we modify the algorithm by simply taking
Wi = V.

Letting Vo = {0}, we define
Yk = @k —Lv,_, Pk

where Zy, , is the interpolation onto Vi_1 using points (xi, ...xx—1), and define

Xk € arg max [y (x)]-

.1
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Empirical interpolation — adaptive setting
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Figure: Polynomial space Vi, = Pg on [—1,1]. Function |1«(x)| and corresponding interpolation
point x; = arg maxy |1x(x)]
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Empirical interpolation — adaptive setting
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Figure: Polynomial space Vi, = Pg on [—1,1]. Function |1«(x)| and corresponding interpolation

point x; = arg maxy |1x(x)]
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Empirical interpolation based on feature map

Another strategy can be defined as follows. Let ¢(x) = (p1(x),...,om(x)) € R™, where
@ X — R™ is the feature map associated with V,,. The feature space R" is equipped
with the Euclidian norm || - ||.

The idea is to construct an increasing sequence of spaces

Uk = span{p(x1), ..., ()} C R”

for the approximation of the manifold {¢(x) : x € X'}.
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Another strategy can be defined as follows. Let ¢(x) = (p1(x),...,om(x)) € R™, where
@ X — R™ is the feature map associated with V,,. The feature space R" is equipped
with the Euclidian norm || - ||.

The idea is to construct an increasing sequence of spaces

Uk = span{p(x1), ..., p(x)} CR”
for the approximation of the manifold {¢(x) : x € X'}.
Starting from Uy = {0}, we define

xe € argmax Ae(x),  Me(x) = [l(x) = Py, o(x)12

where Py, _, is the orthogonal projection from R™ to Uy_;.
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Empirical interpolation based on feature map

Let (e1,...,em) be the orthonormal basis of R™ defined by

ex < p(xk) — Puy,_,p(x), |lexl]2=1.

If V,, is a Hilbert space and the functions ¢; form an orthonormal basis of V,, then the
functions ;(x) = ¢(x)" e; also form an orthonormal basis of V,, and

m

A(x) =D i(x)? = [lp(x ||2—2w,(x

i=k
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Empirical interpolation based on feature map
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(d) k=4

Figure: Polynomial space Vi, = Pg on [—1,1]. Function Ak(x) and corresponding interpolation

point x; = arg maxy Ax(x)
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Empirical interpolation based on feature map
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(a) k=5 (b) k=6

.
S 05 06 04 02 0 02 04 08 08 1

(d) k=10

Figure: Polynomial space Vi, = Pg on [—1,1]. Function Ak(x) and corresponding interpolation
point x; = arg maxy Ax(x)
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Empirical interpolation based on feature map

s s
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(c) k=3 (d) k=4

Figure: Haar wavelets space Vi, on [0, 1], with resolution 5. Function Ak(x) and corresponding
interpolation point xx = arg maxx A (x).
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Empirical interpolation based on feature map
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Figure: Haar wavelets space Vi, on [0, 1], with resolution 5. Function Ak(x) and corresponding
interpolation point xx = arg maxx A (x).
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Empirical interpolation based on feature map

88 &8

(d) k=4

Figure: Bivariate polynomial space Vi, = P4 on [—1,1]2. Function A,(x) and corresponding
interpolation point xx = arg maxx A (x).
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Empirical interpolation based on feature map

(a) k=5 (b) k=6

(c) k=8 (d) k=10

Figure: Bivariate polynomial space Vi, = P4 on [—1,1]2. Function Ax(x) and corresponding
interpolation point xx = arg maxx A (x).
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Empirical interpolation based on feature map — adaptive setting

In the context of adaptive approximation in a sequence of spaces Vi C ...C V,, C ...,
and in order to recycle interpolation points, we modify the algorithm by considering at
step k the feature map ¢ associated with the basis of V4.
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Empirical interpolation based on feature map — adaptive setting

Figure: Polynomial space Vi, = Pg on [-1,1]. Function Ag(x) and corresponding interpolation

point x;, = arg maxx Ag(x).
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Empirical interpolation based on feature map — adaptive setting

°
08 08 04 02 0 02 04 08 08 1

(b) k=6

(d) k=10

Figure: Polynomial space Vi, = Pg on [-1,1]. Function Ag(x) and corresponding interpolation

point x;, = arg maxx Ag(x).
a2 /904



Interpolation in RKHS

A reproducing kernel Hilbert space (RKHS) H is a Hilbert space of functions defined on
X such that the point evaluation dx : f : x — f(x) is a continuous linear map. There is a
so called reproducing kernel k such that k(x,-) is the Riesz representer of dx, that is

f(X) = (fv k(Xv '))Hv

where (-, )y is the inner product on H.
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Interpolation in RKHS

A reproducing kernel Hilbert space (RKHS) H is a Hilbert space of functions defined on
X such that the point evaluation dx : f : x — f(x) is a continuous linear map. There is a
so called reproducing kernel k such that k(x,-) is the Riesz representer of dx, that is

f(x) = (f, k(x,))n
where (-, )y is the inner product on H.

For given points x = (x1, ..., xx), the interpolation operator Zy, onto the space
Wi = span{k(-,x1),...,k(-,xx)} is defined by

Tw, f(x) = k(x, x)k(x, x) " f(x)

where k(x,y) = (k(xi,y;))i; and f(x) = (f());-
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Interpolation in RKHS

A reproducing kernel Hilbert space (RKHS) H is a Hilbert space of functions defined on
X such that the point evaluation dx : f : x — f(x) is a continuous linear map. There is a
so called reproducing kernel k such that k(x,-) is the Riesz representer of dx, that is

f(x) = (f, k(x,))n
where (-, )y is the inner product on H.

For given points x = (x1, ..., xx), the interpolation operator Zy, onto the space
Wi = span{k(-,x1),...,k(-,xx)} is defined by

Tw, f(x) = k(x, x)k(x, x) " f(x)
where k(x,y) = (k(xi,y;))i,j and f(x) = (f(x;));. The operator Zy, is the

H-orthogonal projection onto Wi, which provides the element of best approximation of a
function in Wk. Indeed, for f € H, the interpolation conditions

IWk f(X,') = f(X,'), 1 S i S k,

are equivalent to
(k(-, %), Zw, f —f),, =0, 1<i<Hk,

that is Zw, f — f is orthogonal to W.
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Interpolation in RKHS

The error of interpolation at point x € X is such that

[F(x) = Zw, f(x)| = | (k(x, "), Zw, f — )|
= | (k(Xv ) _IWkk(X7 ')’Ika - f)H ‘
< k() = Zw kO A FlTH
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Interpolation in RKHS

The error of interpolation at point x € X is such that

[F(x) = Zw, f(x)| = | (k(x, "), Zw, f — )|
= | (k(Xv ) _IWkk(X7 ')’Ika - f)H ‘
< k() = Zw kO A FlTH

A natural definition of a new basis function k(xk1, ) is to consider a point xi41 where
the error bound is maximum, that is

Xk1+1 € arg max /\k(X)7
xeX

with
Ai(x) = [|k(x, ) — Zw, k(x, )||f4 = k(x, x) — k(x, x)k(x, x)flk(x,x).
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Interpolation in RKHS

A finite dimensional space V,, with basis ¢1, ..., ¢, defines a RKHS with kernel

k(x,y) = () 0(y),  @(x) = (pr(x),- .., m(x))

A sequential interpolation method consists in defining a sequence of points (xx)x>1 and
corresponding spaces Wi = span{k(x1,"),..., k(x«,-)} such that

Xk41 = arg r;nea)? Ak(x),

where
A(x) = le(x)II3 = @(x) e (x)(e(x)e(x) ") " o(x)" p(x)
with x = (X17 . 7Xk) and QD(X) = ((p,‘(Xj))lS,'JSk.
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Interpolation in RKHS

A finite dimensional space V,, with basis ¢1, ..., ¢, defines a RKHS with kernel

k(x,y) = () 0(y),  @(x) = (pr(x),- .., m(x))

A sequential interpolation method consists in defining a sequence of points (xx)x>1 and
corresponding spaces Wi = span{k(x1,"),..., k(x«,-)} such that

Xk41 = arg r;nea%(/\k(x),
where
Ae(x) = [le ()3 = ()T e(x)(@(x)p(x) ") o(x) T @(x)
with x = (X17 - 7Xk) and QD(X) = ((p,‘(Xj))lS,'JSk.

In bayesian regression with gaussian processes (with noisy-free observations), the function
Ak(x) is the variance of the conditional gaussian process given observations at points
X = (X1,,..,Xk).

Note that the obtained sequence of points only depends on the space V.
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Interpolation in RKHS

A finite dimensional space V,, with basis ¢1, ..., ¢, defines a RKHS with kernel

k(x,y) = () 0(y),  @(x) = (pr(x),- .., m(x))

A sequential interpolation method consists in defining a sequence of points (xx)x>1 and
corresponding spaces Wi = span{k(x1,"),..., k(x«,-)} such that

Xk41 = arg r;nea%(/\k(x),
where
Ae(x) = [le ()3 = ()T e(x)(@(x)p(x) ") o(x) T @(x)
with x = (X17 - 7Xk) and QD(X) = (ﬁpi(xj))lgi,jgk-

In bayesian regression with gaussian processes (with noisy-free observations), the function
Ak(x) is the variance of the conditional gaussian process given observations at points
X = (X1,...,Xk).

Note that the obtained sequence of points only depends on the space V.
Letting Ux = span{p(x1),...,@(x)} C R™, we note that
Ne(x) = [le(x) = Pu,_; e(x)II3

This is equivalent to the previously presented empirical interpolation based on feature
map.
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Least squares approximation

Consider the approximation of a function f in X = L,2 (&) equipped with the norm

4

191 = [ F602dut.

Given a m-dimensional space Vi, in L2(X), a weighted least-squares approximation
fn € Vi is defined by minimizing

23 wilvlx)  flx))?

over v € Vo, for some suitably chosen points x = (x, ..., Xxs) and corresponding weights

w=(wi,...,wn).
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Least squares approximation

This is equivalent to minimize
I = vif?

where || - || is a semi-norm defined by

17112 = Zwﬂx,
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Least squares approximation

This is equivalent to minimize
I = vif?

where || - || is a semi-norm defined by
12 = 257 wir(y?
N3
Assuming that the x; are i.i.d. samples from a distribution v defined by
du(x) = w(x)""du(x),
and the weights w; = w(x;), then for all f € L2,

E([If]7) = Exr(W(x)F(x)*) = Exnn(f(x)?) = [If]?
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Least squares approximation

Given an L7 -orthonormal basis ¢1(x), ..., om(x) of Vi, and letting
P(x) = (p1(x), -y om(x)) T € R™, a function v € V, can be written

v(x) = Z aipi(x) = p(x)" a

We have
2 2
IvII® = llall2

and
||v||§ =a Ga

where G is the empirical Gram matrix (or weighted information matrix) given by

G = G(x) = > wipla)plx)'.
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Least squares approximation

Given an L7 -orthonormal basis ¢1(x), ..., om(x) of Vi, and letting
P(x) = (p1(x), -y om(x)) T € R™, a function v € V, can be written

v(x) = Z aipi(x) = p(x)"a
We have

2 2
IvII” = llall2

and
||v||i =a Ga

where G is the empirical Gram matrix (or weighted information matrix) given by
6= 600 = 13 wipla)p()”
. n - i@\ Xi )P\ Xi .

We have
Amin(G)[[VI1Z < IVII7 < Amax(G)[IVI[* Vv € Vi

The quality of least-squares projection is related to how much G deviates from the
identity.
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Optimal design of experiments
Consider the model
Y =1f(X)+e

where X ~ 1 and € ~ N(0, \) is independent of X, that corresponds to noisy evaluations
of a function f.

For given points x = (x1,...,Xa) we have access to y = (y1, ..., ya) such that
yi=f(xi)+ €
with € = (e1, ..., €n) ~ N(0,A) independent of x.
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Optimal design of experiments
Consider the model
Y =1f(X)+e

where X ~ 1 and € ~ N(0, \) is independent of X, that corresponds to noisy evaluations
of a function f.

For given points x = (x1,...,Xa) we have access to y = (y1, ..., ya) such that
yi=f(xi)+ €
with € = (e1, ..., €n) ~ N(0,A) independent of x.

A weighted least-squares estimate fn, is then obtained by solving

n

1 2
min ; wi(v(x7) — yi)

Letting ® := ®(x) = (vj(xi))1<i<ni1<j<m (the design matrix) and W = diag(w) the
weight matrix, we have

fn(x) =p(x)"a, a=G o Wy

with
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Optimal design of experiments

For fixed x, the covariance of 3 is
Cov(d) = (¢ W) o' WAWS (¢ W) !

For A = AW, we obtain
Cov(a) =AG™!
and the variance of the prediction f,,(x) at some point x is

V(Fa(x)) = Mp(x) 6 p(x)

In order to minimize the variance for any x € X, that is for any ¢(x) € R™, we would
like to minimize G~ over x € X" and w € R, in the sense of the Loewner order, over
the space S, of symmetric positive semi-definite matrices. However, a global optimum
does not necessarily exist since Loewner order is only a partial order.
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Optimal design of experiments

A common approach is to consider as a proxy the minimization of a decreasing convex

function h: S;; — R, i.e. such that
h(A) < h(B) for A B,

and solve
min h(G(x, w))

E-optimal design corresponds h(G) = Amax(G 1) = Amin(G) ™"

(G)=Tr(G™)
(G) = det(G™*) = det(G)™*

A-optimal design corresponds to h

@ D-optimal design corresponds to h

c-optimal design correspond to h(G) = ¢’ G ¢ for some vector ¢ € R™.
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Least-squares approximation with i.i.d. sampling

Assume that the x; are i.i.d. samples from a distribution dv(x) = w(x)™*du(x) for some
weight function w, and w; = w(x;). We have

ZAH A; = w(x)e(x)e(x),

where the A; are i.i.d. rank-one matrices with expectation

E(A)) = Exnr (w(x)p(x)(x) ") = Exnpu(0(x)p(x) ") = 1
and spectral norm
1A = w(x) ()13 < Kum,
with
Ku,m = sup w(x)|l(x)|3-
xeX
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Least-squares approximation with i.i.d. sampling

Assume that the x; are i.i.d. samples from a distribution dv(x) = w(x)™*du(x) for some
weight function w, and w; = w(x;). We have

ZAH A = w(x)e(x)e(x)

where the A; are i.i.d. rank-one matrices with expectation
E(A)) = Exnr (w(x)p(x)(x) ") = Exnpu(0(x)p(x) ") = 1

and spectral norm
1A = w3 < K,
with
Kuv.m = sup w(x)[[p(x)]3-
xeX
Based on matrix Chernoff concentration inequality, it can be shown that for any

0<d<1,
2

P(Amax(G) > 14 0) AP(Anin(G) <1 —6) < mexp(— ;6 )
and
2
P(|G — ]| > 0) = P(Amax(G) > 146 or Amin(G) < 1 —6) < 2mexp(— )
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Least-squares approximation with i.i.d. sampling

We obtain that
P(|G—1]|>0d)<n

provided that
n > Ku,md > log(2mn™").

We note that

Ku,m = sup W) ()12 = Exns (w(x)[lp(x)[3) = Exw(z %i(x)%)

so that
Ky,m > m
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Classical least-squares approximation with i.i.d. sampling

For classical least-squares, w =1 (v = p).
e For V,, piecewise constant functions on a uniform partition of (0,1) and u the

uniform measure, .

@ For V), trigonometric polynomials of degree (m — 1)/2 on (0,27) and p the uniform
measure, | Ki,m =

@ For polynomial spaces V,, = P;,_1 and p the uniform measure, | K1, m

e For polynomial spaces V,, = P—1 and u the gaussian measure on R, .
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Optimal weighted least squares with i.i.d. sampling

With i.i.d. sampling, an optimal sampling measure vy, is given by
dum(x) = Wm(X)_ld/J,(X) with density

Win(x) " = Z pi(x)?

that minimizes K, over all densities, and yields

Kuw

'm

m = m.
For polynomial approximation, 377", ©j(x)? is the inverse of the Christoffel function.

Under the condition
n>mé 2 log(2mn™t)

we have
P(|G - 1| >0d)<n
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Optimal weighted least squares with i.i.d. sampling

e For V,, piecewise constant functions on a uniform partition of (0,1) and u the
uniform measure, wn(x) = 1.

56 /94



Optimal weighted least squares with i.i.d. sampling

e For V,, piecewise constant functions on a uniform partition of (0,1) and u the
uniform measure, wn(x) = 1.

@ For Vp, trigonometric polynomials of degree (m —1)/2 on (0,27) and p the uniform
measure, Wm(x) = 1.

56 /94



Optimal weighted least squares with i.i.d. sampling

e For V,, piecewise constant functions on a uniform partition of (0,1) and u the

uniform measure, wn(x) = 1.

@ For Vp, trigonometric polynomials of degree (m —1)/2 on (0,27) and p the uniform

measure, Wm(x) = 1.

o For polynomial spaces Vi, = Ppm—1 and p the uniform measure on (—1,1)

498 s o4 oz o o2 o4 os o8 1 s s o4 oz o o2 o4 os o8 1
() m=6 (b) m= 40

Figure: Polynomials and uniform measure: density of vp,
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Optimal weighted least squares with i.i.d. sampling

@ For polynomial spaces Vi, = Pn—1 and u the gaussian measure on R

(a) m= (b)ym=6

(c) m=40

Figure: Polynomials and Gaussian measure: density of vm,
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Optimal weighted least squares with i.i.d. sampling

@ For d-variate polynomials,
Vin = Pp = span{x® = x{"* ...x{¢ : v € A C N9}

A= A1, :={a:|a|1 < p} corresponds to polynomials with total degree < p.
A=A, :={a:|a|s < p} corresponds to polynomials with partial degree < p.

(a) A1a (b) Nooa

Figure: Polynomials and uniform measure on [—1,1]%:
density wm, for polynomials with total (left) or partial (right) degree less than 4.
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Sampling from the optimal measure

We have to sample from the optimal measure
dum = Wy tdp,  win(x)h = = Z%(X
Standard sampling technique can be used: inverse transform, rejection, Markov Chain

Monte-Carlo...

However, for general spaces V,,, sampling may be a non trivial task.
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Sampling from the optimal measure: mixture sampling

We observe that v, is a mixture of measures
dv(x) = ¢j(x)?dpu(x)

with equal weights 1/m. We can first sample j uniformly at random in {1,...,m} and
then sample from Y.
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Recycling samples for adaptive approximation

In adaptive approximation, we construct approximations from a sequence of spaces
(Vm)m21-
1

To each space V), is associated a specific optimal sampling measure v, = w,, " .

When functions evaluations are costly, we would like to exploit samples generated at
previous iterations.
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Recycling samples for adaptive approximation: hierarchical spaces

Consider the adaptive approximation in a sequence of nested spaces
Vic...CVnaCVpiC..
Let (¢j)j>1 be such that Vi, = span{p1,...,om}. Then
Vini1 = Vin @ span{¢m:1}

and the optimal sampling measure v,11 associated to V11 is such that

m+1

m 1
dVmi1(x) m+12% Fdp(x) = = dvm(x) + g emiadi(x)

that corresponds to a mixture between vy, and ¢2,, 14, with respective weights ™ and

m+1
1

m+1-°

62 /94



Recycling samples for adaptive approximation: hierarchical spaces

Consider the adaptive approximation in a sequence of nested spaces
Vic...CVnaCVpiC..
Let (¢j)j>1 be such that Vi, = span{p1,...,om}. Then
Vini1 = Vin @ span{¢m:1}

and the optimal sampling measure v,11 associated to V11 is such that

m+1

m 1
dVmi1(x) m+12% Fdp(x) = = dvm(x) + g emiadi(x)

that corresponds to a mixture between v, and 2,1, with respective weights i and
1

m+1-°

To sample the mixture, draw a Bernoulli variable B( If 1 is obtained, generate a

m+1)
new sample from @2 ;. If 0 is obtain, then either pick without replacement a sample
from previously generated samples from v,,, or generate a new sample from v,.

Different strategies can be found in [Arras et al 2019, Migliorati 2019].
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Optimal weighted least-squares: error analysis

Let f, = Py, f be the orthogonal projection of f onto Vi, w.r.t. the norm || - |
the element of best approximation of f in V,,.
We have

, that is

1 = fll® < NIF — Fonll® + 1| —
SN = Fonll 4 Amin(G) [ fn — il
S NF = foll® + Amin(G) || Fen — FII7

where we have used the fact that £, is the orthogonal projection of f onto Vp, w.r.t. the
semi-norm || - ||»-
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Let f, = Py, f be the orthogonal projection of f onto Vi, w.r.t. the norm || - |
the element of best approximation of f in V,,.
We have

, that is

1 = fll® < NIF — Fonll® + 1| —
SN = Fonll 4 Amin(G) [ fn — il
S NF = foll® + Amin(G) || Fen — FII7

where we have used the fact that £, is the orthogonal projection of f onto Vp, w.r.t. the
semi-norm || - ||»-

If |G — 1| <4, then Amin(G) > 1—6 and
I = Full® < IF = faull* + (1 = 8) T = ol
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Optimal weighted least-squares: error analysis

Let f, = Py, f be the orthogonal projection of f onto Vi, w.r.t. the norm || - |
the element of best approximation of f in V,,.
We have

, that is

I = Fll® < NI = Fanll® + (10 — P>
<1 = fll® + Amin( G) 7| — FonlI7
< = fnll® + Xein( G) | fen — 17
where we have used the fact that £, is the orthogonal projection of f onto Vp, w.r.t. the
semi-norm || - ||»-

If |G — 1| <4, then Amin(G) > 1—6 and
I = Full® < IF = faull* + (1 = 8) T = ol

In order to control of the approximation when ||G — I|| > §, different alternatives:
o assuming ||f|. < 7, define a truncated estimator , = T o f,, with
T, (t) = sign(t) min{|t|, T},
o define a conditional estimator £ = £, if |G — I|| < § or 0 if |G — 1| > 6,
@ condition the samples to guarantee stability |G — /||
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Optimal weighted least-squares with conditioning

Assume that x = (xi, ..., x,) are drawn from v®" conditioned to satisfy the event

S = {||G(x) — I|| < &}. This can be obtained by sampling x from v®" until S is satisfied
(rejection).

Under the condition
n>mé 2 log(2mn™t) (3)
we have
P(S)>1-1n

For n < 1, the random number N of samples from v®" generated before acceptation
follows a geometric distribution with parameter P(S), is almost surely finite, and with
expectation E(N) =P(S)™* < (1—n)~"
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Optimal weighted least-squares with conditioning

Assume that x = (xi, ..., x,) are drawn from v®" conditioned to satisfy the event

S = {||G(x) — I|| < &}. This can be obtained by sampling x from v®" until S is satisfied
(rejection).

Under the condition
n>mé 2 log(2mn™t) (3)

we have
P(S)>1-1n

For n < 1, the random number N of samples from v®" generated before acceptation
follows a geometric distribution with parameter P(S), is almost surely finite, and with
expectation E(N) =P(S)™* < (1—n)~"

The least-squares estimator satisfies
E(|f = ful®) < I = fll* + (1 = 6) 'E(IF — ful7)
<N = fall® + (1= 8) (1 = 0) Esnpon (I = full2)
=1+ 1= A —n) I — full?
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Optimal weighted least-squares with conditioning

Therefore, we deduce a quasi-optimality in expectation

_AIY2 < .
B(IF = £al)/2 < € inf [IF = vl

with C = (1+ (1 —6)"*(1 —n)~"HY2
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Optimal weighted least-squares with conditioning

Therefore, we deduce a quasi-optimality in expectation

_AIY2 < .
B(IF = £al)/2 < € inf [IF = vl

with C = (1+ (1 —6)"*(1 —n)~"HY2

For a compact set K of functions in L2, using the previous result with an optimal
subspace V), of dimension m such that

nf [1F = vl = dn(K)iz.

we deduce that for n = cmlog(m), for some universal constant c, there exists a
distribution over X" and a linear recovery map A such that

E(|[f — A(f(x1), -, FOm))IIF)Y? < Cdm(K)iz
which proves

Pomiog(m)(K)iz < Cdm(K) 12

i
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Optimal weighted least-squares with conditioning and subsampling

By conditioning, we obtain n > cmlog(m) samples that guarantee almost surely
G-I <9

However, the number of samples n may be large compared to m, and a fundamental
question is whether the log(m) factor can be removed.
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Optimal weighted least-squares with conditioning and subsampling

By conditioning, we obtain n > cmlog(m) samples that guarantee almost surely
G-I <9

However, the number of samples n may be large compared to m, and a fundamental
question is whether the log(m) factor can be removed.

In [Haberstich, Nouy and Perrin 2022], a subsampling approach is proposed, which
consists in removing samples until the stability condition is violated.

More precisely, for | C {1,...,n}, we let G, = ﬁ > ici Ai. Starting from the set

I ={1,...,n}, we successively remove from the current set / an index i such that

o -,
i€ minl|Gngy 1l

If |Gy — 1| > 6, we stop and return /. Otherwise, we continue removing samples.
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Optimal weighted least-squares with conditioning and subsampling

By conditioning, we obtain n > cmlog(m) samples that guarantee almost surely
G-I <9

However, the number of samples n may be large compared to m, and a fundamental
question is whether the log(m) factor can be removed.

We observe in many applications that the algorithm returns a number of samples close to
or even equal to m, without any theoretical guaranty.
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Optimal weighted least-squares with conditioning and subsampling

In [Cohen and Dolbeault 2021], it is proposed a subsampling strategy, based on
successive random partitioning of the set of samples, which yields a number of samples in
O(m) while preserving stability.*

Note that

n
G = Za,-a,-T with a; = p(x;) € R™.
i=1

We have

n

1-6)1< aa <1461 and |ail3=m/n

i=1

LIt relies on results from [Markus, Spielman and Srivastava 2015][Nitzan, Olevskii and Olevskii 2016]
that provide a solution to the Kadinson-Singer problem.
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Optimal weighted least-squares with conditioning and subsampling

In [Cohen and Dolbeault 2021], it is proposed a subsampling strategy, based on
successive random partitioning of the set of samples, which yields a number of samples in
O(m) while preserving stability.*

Note that
G = al ith a; = w(xi) i R™.
; aa; with a p p(x) €
We have )
(1-08)I <> aa) <(1+6)l and |ai3=m/n.
i=1
A procedure is introduced which provides a partition of {1,...,n} into sets Ji,..., Jot

with cardinal |Jx| < e¢m, and such that for all 1 < k < ot

n T
col < p= Za;a,— < Gol
i€y

with universal constants co and Cp. Then pick k at random in {1,...,2} with
probability px = |Jk|/m.

LIt relies on results from [Markus, Spielman and Srivastava 2015][Nitzan, Olevskii and Olevskii 2016]
that provide a solution to the Kadinson-Singer problem.
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Optimal weighted least-squares with conditioning and subsampling

This proves that
Pen’ (K)iz < Cdm(K)12

for some universal constants ¢ and C.
However, the subsampling strategy is not computationally feasible.

Other subsampling strategy have been proposed in [Bartel et al 2022], with theoretical
guarantees and feasible implementations.

68 /94



Optimal weighted least-squares with conditioning and subsampling

Note that the samples x, ..., x, obtained by conditioning (and possibly subsampling) are
no more independent and follows a distribution which is not explicit.

In adaptive setting, we can no more recycle samples using mixture sampling.

An alternative recycling method has been proposed in [Haberstich 2020].
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Control in probability

We would like to obtain quasi-optimality guarantees with high probability, or even almost
surely, for the approximation of functions from a space X continuously embedded in L2,
that is such that ||f|| < Cx||f||x for all f € X.

For that, the sampling should depend on both X and V,,.
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Control in probability

We would like to obtain quasi-optimality guarantees with high probability, or even almost
surely, for the approximation of functions from a space X continuously embedded in L2,
that is such that ||f|| < Cx||f||x for all f € X.

For that, the sampling should depend on both X and V,,.

We can consider a mixture between the optimal distribution w,, dy and a distribution
hdp, with density
.1 .1
w(x)"" = EWm(X) + Eh(x)v
where h is a related to X.
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Control in probability

We would like to obtain quasi-optimality guarantees with high probability, or even almost
surely, for the approximation of functions from a space X continuously embedded in L2,
that is such that ||f|| < Cx||f||x for all f € X.

For that, the sampling should depend on both X and V,,.

We can consider a mixture between the optimal distribution w,, dy and a distribution
hdp, with density

_ 1 _ 1
w(x)"" = EWm(X) 1+ Eh(x)v
where h is a related to X.
The empirical Gram matrix G remains an unbiased estimator of / and

Kuvim = sup w(x)||p(x)[13 < 2Kup.m = 2m

xeX

Therefore, only a factor 2 is lost in the number of samples required to ensure |G —I|| < §
with nonzero probability. By conditioning we obtain almost surely the error bound

If = fall < IIf — gl + (1= 8)f —glln Vg € Vi
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Control in probability

We would like to obtain quasi-optimality guarantees with high probability, or even almost
surely, for the approximation of functions from a space X continuously embedded in L2,
that is such that ||f|| < Cx||f||x for all f € X.

For that, the sampling should depend on both X and V,,.

We can consider a mixture between the optimal distribution w,, dy and a distribution
hdp, with density

w(x) ™ = Zwim(x) ™+ 3 (o),
where h is a related to X.
The empirical Gram matrix G remains an unbiased estimator of / and
Kum = sup w(x)[|@(x)[[2 < 2Kup,m = 2m
x€X
Therefore, only a factor 2 is lost in the number of samples required to ensure |G —I|| < §
with nonzero probability. By conditioning we obtain almost surely the error bound
If —fall < If —gll+ (1= 8)""?If —glln Vg € Vi
flln < C||f||x, we obtain

I = fall < (G + (1= 8)7%C) inf |IF — gllx
8€Vm

If the function h is chosen such that for all f € X,
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Control in probability

For X = L5°(X) equipped with its natural norm || - ||oc, we can take
h(x)=1

so that w(x)™* > 1/2. For all f € X, we then have ||f|| < ||f||o and

n

1 2 «
Iz = = Z w(x)f(x)* < = Z f(xi)* < 2||f||5%
i=1 i=1

This yields A
If = fnll < (14 (1= 6)"2V2) Jnf [If — glloe
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Control in probability

Consider for X a RKHS with a kernel k in L2, (X x X) that admits a decomposition

k(x,y) = Z Aidi(x)i(y)

i>1

where the v; form an orthonormal basis of Li()() and where (\;)i>1 is a decreasing
sequence of strictly positive numbers such that

D> N =lkf < oo

i>1

The (i, A\i) are the eigenpairs of the Hilbert-Schmidt integral operator T with kernel k.
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Control in probability

Consider for X a RKHS with a kernel k in L2, (X x X) that admits a decomposition

k(x,y) = Z Aidi(x)i(y)

i>1

where the v; form an orthonormal basis of Li()() and where (\;)i>1 is a decreasing
sequence of strictly positive numbers such that

D> N =lkf < oo
i>1
The (i, A\i) are the eigenpairs of the Hilbert-Schmidt integral operator T with kernel k.

The norm on X is given by

i>1

and

11 = S0k 0% = S M(F.wn)is /h < Ml

i>1 i>1

Therefore, X is continuously embedded in Li with embedding constant Cx = /\1/2.
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Control in probability

We further assume (up to a rescaling) that

Z/\i = /k(x,x)du(x) =1<o0
i>1
that is Tk is nuclear (trace class) with unit nuclear norm.

Therefore, k(x,x) defines a density and we can take

h(x) = k(x, x).
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Control in probability

We further assume (up to a rescaling) that
Zz\; = /k(x, x)dp(x) =1< oo
i>1
that is Tk is nuclear (trace class) with unit nuclear norm.
Therefore, k(x,x) defines a density and we can take

h(x) = k(x, x).
We have w(x)™! > k(x,x)/2, so that

n n

2 _ 2 _
2 o 2 i) H(x)? = 2 - x) ! - 2 2
7117 < = k(e x) 7)== D kOax) 7 (k(x,), )i < 2)If

i=1 i=1

We finally deduce

If = fll < (a2 + (1= 8)72V2) nf [If —gllx
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Sampling numbers

Using subsampling techniques from [Cohen and Dolbeault 2021], we then prove that for
X = L*° or X a RKHS associated with a trace class operator, there exists a set of

n < cm points and a linear algorithm such that for all f € X, the produced
approximation fr, = A(f(x1),. .., f(xa)) is such that

If — fmll < CE(f; Vin)x
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Sampling numbers

Using subsampling techniques from [Cohen and Dolbeault 2021], we then prove that for
X = L*° or X a RKHS associated with a trace class operator, there exists a set of

n < cm points and a linear algorithm such that for all f € X, the produced
approximation fr, = A(f(x1),. .., f(xa)) is such that

If — fmll < CE(f; Vin)x

Consider a compact set K C X and an optimal approximating subspace V, in the sense
that sup;cx E(f; Vim)x = dm(K)x. We then have proven that

pen(K)iz < Cm(K)x
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Sampling numbers

Using subsampling techniques from [Cohen and Dolbeault 2021], we then prove that for
X = L*° or X a RKHS associated with a trace class operator, there exists a set of

n < cm points and a linear algorithm such that for all f € X, the produced
approximation fr, = A(f(x1),. .., f(xa)) is such that

If — fmll < CE(f; Vin)x

Consider a compact set K C X and an optimal approximating subspace V, in the sense
that sup;cx E(f; Vim)x = dm(K)x. We then have proven that

pen(K)iz < Cm(K)x

For K the unit ball of a RKHS (with the trace class assumption), a refined analysis (see

[1]) yields
pcm LZ < Z dk
k>m

for some universal constant ¢, which is known as a sharp bound.
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Sampling numbers

Using subsampling techniques from [Cohen and Dolbeault 2021], we then prove that for
X = L*° or X a RKHS associated with a trace class operator, there exists a set of
n < c¢m points and a linear algorithm such that for all f € X, the produced
approximation fm = A(f(x1), ..., f(xa)) is such that

I — fmll < CE(f; Vin)x
Consider a compact set K C X and an optimal approximating subspace V, in the sense
that sup;cx E(f; Vim)x = dm(K)x. We then have proven that

pem(K)iz < Cdm(K)x

For K the unit ball of a RKHS (with the trace class assumption), a refined analysis (see

[1]) yields
pcm LZ < Z dk
k>m

for some universal constant ¢, which is known as a sharp bound.  For a larger class of

spaces including the space of bounded functions equipped with the supremum norm, they

show
1/p

1
pem(K)iz < | — > di(K)Pa forany 0 < p <2

k>m
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© Manifold approximation
© Linear approximation from point evaluations

© Tensor networks approximation with point evaluations
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Algorithms for approximation with tensor networks

For the approximation of tensors (or functions) using tensor networks, different contexts
depending on the available information:

o all entries of the tensor,
@ equations satisfied by the tensor,
@ some entries, either arbitrary or structured,

@ more general functionals of the tensor.
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Available packages

@ tensap. A Python package for the approximation of functions and tensors. (link to
GitHub page).

@ ApproximationToolbox. An object-oriented MATLAB toolbox for the approximation
of functions and tensors. (link to GitHub page).
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Learning from structured evaluations

For the approximation of a multivariate function with tree tensor networks using point
evaluations, different strategies have been proposed, either based on cross approximation
[Oseledets'10, Ballani'13] or principal component analysis [Nouy'19, Haberstich'21].

These methods rely on structured evaluations
U(Xe, X2c)

where x/, are samples of the variables x,, and xc samples of the variables x,c.
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Learning from principal component analysis

Consider a multivariate function u € Li(X) where X = X1 x ... X Xy is equipped with a
probability measure © = p1 ® ... ® pug. Let X = (Xq,..., Xy) be a random vector with
distribution g, such that the Li—norm is given by

Jull* = [ u(0Pdu(x) = Bu(x)),

For each a subset of variables o and its complementary subset a® = D\ «, u is identified
with a bivariate function defined on X, x X,c which admits a singular value

decomposition
rankq (u)

U(Xay Xac) = Z vaf(xa)vkac(xac)

k=1
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Learning from principal component analysis

The subspace of a-principal components
Uo = span{vi', ..., v}
is such that
Ur,, ('a XOéC) = PUu u('? X&C)
It is solution of
min ||u—77uau||2
dim(Ua )=ra

that is for || - || the L2 (X)-norm,

. 2
i E ([l Xae) = Puu(, Xoo) iz, (v,

where u is seen as a function-valued random variable
2
u(-, Xac) € L, (Xa).

U, is the optimal m-dimensional space for the approximation of the manifold
{u(, Xac) : Xac € Xac} in mean-squared error.
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Truncation scheme for tree-based tensor formats

For tree tensor networks
7,7 (V) ={v eV ranko(v) < ra,a € T},

where T is a dimension partition tree over D = {1,..., d}, different variants of higher
order singular value decomposition (also called hierarchical singular value decomposition)
can be defined from singular value decompositions of bivariate functions.
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Higher-order principal component analysis for Tucker format

Tucker format corresponds a trivial tree with d + 1 nodes (the root and the d leaves).

{1,2,3,...,d}

{1+ {2} {3} {d}

For each leaf v € {1,...,d}, we determine a {v}-principal subspace Uy, of dimension r,
(a space of functions of the variable x, ).

Then, we obtain an approximation in Tucker format (with ranks ri,...,rq) by a
projection of the function u onto the linear tensor product space

U®...0 Ug
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Leaves to root strategy for general tree tensor networks

For each leaf node «, let Uy be the r,-dimensional a-principal subspace of u.

For each interior node aw € T \ {D} with children S(«), define a tensor space
V(\ - ® Ufg
BES(a)

and let U7 C V., be the ro-dimensional a-principal subspace of the function u, defined
by
Ua(-, XOLC) = PVu U(-, XC!C)
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Leaves to root strategy for general tree tensor networks

Finally define an approximation u, as a projection of u onto the tensor space
Vb = ®a€S(D) Ua-

We can prove that the resulting approximation u, is a tree tensor network with ranks ra,
acT.

84/94



Leaves to root truncation scheme for tree-based tensor formats

Provided we use orthogonal projections, the obtained approximation u, is such that

le—wlP< > min u-vP= 33 (@R

aeT\D - a€T\D ka >ra
from which we deduce that u, is a quasi-optimal approximation of u in 7, such that
[u— urll < C(T) min [Ju—v],
VGT,T

where C(T) = «/#T — 1 is the square root of the number of projections applied to the
tensor. The number of nodes of a dimension partition tree T being bounded by 2d — 1,

C(T) < v2d —2.
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Leaves to root truncation scheme for tree-based tensor formats

Provided we use orthogonal projections, the obtained approximation u, is such that
2 . 2 o 2
u—u < min u—vi|" = o
le—ulP< 35 min u-viP= 33 (e)?
aeT\D a€T\D ka >ra
from which we deduce that u, is a quasi-optimal approximation of u in 7, such that

o= ull < C(T) min [ju— v,
VGT,T

where C(T) = «/#T — 1 is the square root of the number of projections applied to the
tensor. The number of nodes of a dimension partition tree T being bounded by 2d — 1,

C(T) < v2d —2.

Also, if we select the ranks (ro)ae7\p such that for all o

2 62

> (0R) < gy 2 k) = gl

ka>ra ko >1

we finally obtain an approximation u, with relative precision e,

llu = url| < ellul-
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Leaves to root truncation scheme for tree-based tensor formats

Given a finite dimensional tensor space V = V1 ® ... ® Vg, an approximation in the
tensor format 7,7 (V) can be obtained by modifying the procedure for the leaves.

For each leaf node o, Uy is defined as a a-principal subspace of u, = Py, u.

Theorem (Fixed rank)
For a given T-rank, we obtain an approximation u, € T, (V) such that
2 R _c 2 2
ur—ull* < C(T) min ||v — ul|® + u—"Py,u
| | (7T) e l | Ieavga | |

Theorem (Fixed precision)

For a desired precision ¢, if the a-ranks are determined such that

||PU§(’; Ua — ua” S ||u0é||>

€
c(T)
we obtain an approximation u, such that

llur = ul® < E[lul®+ D [lu— P, ull®.

leaves o
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Learning algorithm based on principal component analysis

For a feasible algorithm using samples:

@ Replacement of orthogonal projections by sampled-based projections, based on
interpolation [Nouy 2019] or optimal least-squares projections [Haberstich 2021].

@ Statistical estimation of principal subspaces U, by empirical PCA, using samples

U('7 X{yc)

87 /94



Learning algorithm based on principal component analysis

For a feasible algorithm using samples:

@ Replacement of orthogonal projections by sampled-based projections, based on
interpolation [Nouy 2019] or optimal least-squares projections [Haberstich 2021].

@ Statistical estimation of principal subspaces U, by empirical PCA, using samples
U('7 X‘(jyc)
The estimation of principal subspaces requires the evaluation of u on a structured set of
points o
{(X;M’XZYC) : 1 S ’ S Moml SJ S Na}

where N, is the number of samples x/,c used for the estimation of U, by empirical PCA,
and M, is the number of points x/, used for the projections onto the space V.

The sampling strategy is adaptive to the function.
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Learning algorithm based on principal component analysis

For a feasible algorithm using samples:

@ Replacement of orthogonal projections by sampled-based projections, based on
interpolation [Nouy 2019] or optimal least-squares projections [Haberstich 2021].

@ Statistical estimation of principal subspaces U, by empirical PCA, using samples
U('7 X‘(jyc)
The estimation of principal subspaces requires the evaluation of u on a structured set of
points o
{(X;M’XZYC) : 1 S ’ S Moml SJ S Na}

where N, is the number of samples x’,c used for the estimation of U, by empirical PCA,

«

and M, is the number of points x/, used for the projections onto the space V,,.
The sampling strategy is adaptive to the function.

Some guarantees can be obtained under additional assumptions on the function to
approximate [Haberstich 2021].

But yet not guaranty of quasi-optimality in a general setting.
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Concluding remarks

Development of near optimal learning algorithms.
@ Theory well established for least-squares approximation in linear spaces
@ Mainly an open problem for linear approximation in other spaces than L2

@ Only partial results on optimal sampling for least-squares approximation with tensor
networks, and mainly open problem for neural networks.

@ Optimal sampling for manifold approximation ? Some results for linear manifold
approximation (PCA, Reduced basis), but mainly an open problem for general
nonlinear approximation of manifolds.
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